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The case of fence posets

Let a = (a1, a2,...,as) be a composition of n. The fence poset
of «, denoted F(a) is the poset on x1,x2, ..., Xp+1 With the order
relations:

X1 j X2 j tee j Xa1+1 t Xa1+2 t et t Xa1+a2+1 j Xa1+a2+2 j tte

Example (« = (2,1,1,3))

X8

For a composition of n, we get a poset of n+ 1 nodes.
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An ideal of a fence is a down-closed subset: x € I, y < x =y € [.

#1 = rank(I)
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An ideal of a fence is a down-closed subset: x € I, y < x =y € [.

#1 = rank(l)

Example (o = (2,1,1,3))
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An ideal of a fence is a down-closed subset: x € I, y <x =y € I.

#1 = rank(l)

Example (o = (2,1,1,3))

1 ideal of rank 0,
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An ideal of a fence is a down-closed subset: x € I, y <x =y € I.

#1 = rank(l)

Example (o = (2,1,1,3))

1 ideal of rank 0,

Ezgi KANTARCI OGUZ Oriented Posets and Rank Matrices 5/ 64
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An ideal of a fence is a down-closed subset: x € I, y <x =y € I.

#1 = rank(l)

Example (o = (2,1,1,3))

1 ideal of rank 0, 3 ideals of rank 1,
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An ideal of a fence is a down-closed subset: x € I, y <x =y € I.

#1 = rank(l)

Example (o = (2,1,1,3))

1 ideal of rank 0, 3 ideals of rank 1,
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An ideal of a fence is a down-closed subset: x € I, y <x =y € I.

#1 = rank(l)

Example (o = (2,1,1,3))

1 ideal of rank 0, 3 ideals of rank 1,

Ezgi KANTARCI OGUZ Oriented Posets and Rank Matrices 9 / 64



An ideal of a fence is a down-closed subset: x € I, y <x =y € I.

#1 = rank(l)

Example (o = (2,1,1,3))

1 ideal of rank 0, 3 ideals of rank 1,
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An ideal of a fence is a down-closed subset: x € I, y <x =y € I.

#1 = rank(l)

Example (o = (2,1,1,3))

1 ideal of rank 0, 3 ideals of rank 1,
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An ideal of a fence is a down-closed subset: x € I, y <x =y € I.

#1 = rank(l)

Example (o = (2,1,1,3))

X8

1 ideal of rank 0, 3 ideals of rank 1, 5 ideals of rank 2, ...
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An ideal of a fence is a down-closed subset: x € I, y <x =y € [.

#1 = rank(l)

Example (o = (2,1,1,3))

X8

1 ideal of rank 0, 3 ideals of rank 1, 5 ideals of rank 2, ...
(1,3,5,6,6,5,3,2,1) < Rank sequence.
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An ideal of a fence is a down-closed subset: x € I, y <x =y € I.

#1 = rank(l)

Example (o = (2,1,1,3))

X8

1 ideal of rank 0, 3 ideals of rank 1, 5 ideals of rank 2, ...
(1,3,5,6,6,5,3,2,1) < Rank sequence.
14+3q+5¢°+6¢°+64g*+5¢°+3q°+2q" +q® < Rank polynomial.
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We can also see ideals of a fence as sub-representations of a quiver
representation.

Example (« = (2,1,1,3))

X8

ke—k—k—k—k—k—k—k
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We can also see ideals of a fence as sub-representations of a quiver
representation.

Example (« = (2,1,1,3))

X8

ke—k—k—k—k—k—k—k

This is a "type A" quiver representation.
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We can also see ideals of a fence as sub-representations of a quiver
representation.

Example (« = (2,1,1,3))

X8

ke—k—k—k—k—k—k—k
rr 11T 1T 1T 11

kée—kée—k —> ke—k —> k —> k —> %

A subrepresentation is one that makes the diagram commute.
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We can also see ideals of a fence as sub-representations of a quiver
representation.

Example (« =(2,1,1,3))

X8

k—k—k—k—k—k—k—k

rrr71r* 1Tt 1t 11

0«—0«—0—0<—0—0—0—0
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We can also see ideals of a fence as sub-representations of a quiver
representation.

Example (« = (2,1,1,3))

X8

k—k—k—k—k—k—k—k
rr 11T 1T 1T 11

ke—0—0—0<—0—0—0—0
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We can also see ideals of a fence as sub-representations of a quiver
representation.

Example (o = (2,1, 1,3))

X8

k—k—k—k—k—k—k—k
rr 11T 1T 1T 11

ke—0—0—k«—0—0—k—k
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We can also see ideals of a fence as sub-representations of a quiver
representation.

Example (o = (2,1, 1,3))

X8

k—k—k—k—k—k—k—k
rr 11T 1T 1T 11

ke—0—k—ke—0—0—k—k
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A g-deformation for rational numbers

Recently, a g-deformation rational numbers was introduced by
Morier-Genoud and Ovsienko!. Their definition has a convergence
property, which allows us to extend them to real numbers.

Morier-Genoud and Ovsienko, “g-deformed rationals and g-continued
fractions”.
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A g-deformation for rational numbers

Recently, a g-deformation rational numbers was introduced by
Morier-Genoud and Ovsienko!. Their definition has a convergence
property, which allows us to extend them to real numbers.

For a given rational number r/s, we first write it as a continued

fraction.
r 1 1
- = aq = C1 —
s 1 1 ! 1
apt—— o —
2 Lo 2 1
a _— c3 —
3 1 3 1
a2m Ck
ai€Z,a>1fori>?2 G EZL ¢ci;>2fori>2

Morier-Genoud and Ovsienko, “g-deformed rationals and g-continued
fractions”.
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A g-deformation for rational numbers

Then we replace the expansion terms with g-integers (g~ l-integers
for ask), and the 1's with powers of g.

r qal qcl—l
[;}q = [al]q + qg = = [Cl]q - qczfl
ey s+ — e~ — =
S A N
[‘32m]q—1 [Ck]q
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A g-deformation for rational numbers

Then we replace the expansion terms with g-integers (g~ l-integers
for ask), and the 1's with powers of g.

r qal qcl—l
[;}q = [al]q + qg = = [Cl]q o qczfl
ey s+ — e~ — =
S A N
[92m]q—1 [Ck]q

A cool thing: The two expressions give the same g-deformation.
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A g-deformation for rational numbers

Then we replace the expansion terms with g-integers (g~ l-integers
for ask), and the 1's with powers of g.

qal qcl -1

r
|:;:|q = [al]q + q732 - [Cl]q - qC271
el + — e~ —
[92m]q—1 . [Ck]q

A cool thing: The two expressions give the same g-deformation.

Another cool thing: [g] = R(a) where R(q), S(q) € Z[q] are
q

S(q)

polynomials that tively.
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A g-deformation for rational numbers

Then we replace the expansion terms with g-integers (g~ l-integers
for ask), and the 1's with powers of g.

qal qcl—l

r
|:;:| q = [al]q + q732 - [Cl]q - qC271
el + — e~ —
[a2m]q—1 . [Ck]q

A cool thing: The two expressions give the same g-deformation.

Another cool thing: [g] = R(a) where R(q), S(q) € Z[q] are
q

S(q)

polynomials that at g=1, evaluate to r and s respectively.

Also, when g > 0 the coefficients are non-negative.
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32 1 1
234 —4-
9 14 1 . 1
1 1 2 L
T3 1
2_ _
2
32 q3 q4
EHEEE = [ - q3
9 [Lg-1 + A [38lq — 7
(Lo + o — Plg— ———
[ ]q_l [2] _ q_
2
[2] 14+3g+5q¢*>+64¢°+64g* +5q5+3q6+2q7+q
9], 14+2g+2¢%+2¢3+q*+q°
v
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32 q3 q4

o | = [3]q + 1 = [4]q - 3

|: ? :|q [1]q—1 + q— [3]q - qz
[1]q + m [2]q -

[2]q -

q2

[2lq

[r] _Rank polynomial for (2,1,1,3)
q

s Rank polynomial for (1,3)
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EHEEE = [ - .
f g2+ ———— (3l — 7
0o+ - 2, —
[]q [4]q—1 []q [2] _q_2
2
[r] _Rank polynomial for (2,1,1,3)
slq  Rank polynomial for (1,3)
<
In general, if r/s corresponds to [a1, ay, ..., a2m|, we have
[f} _ Rank polynomial for (a1 —1,a2,a3,...,a2m — 1)
slq  Rank polynomial for (0,a, —1,a3,...,a2m — 1)
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A closer look at rank sequences for fences

(2,1,1,3) — (1,3,5,6,6,5,3,2,1)
(3,1,1,2) — (1,2,3,5,6,6,5,3,1)
(1,2,1,3) — (1,3,5,6,6,5,4,2,1)
(1,1,2,3) — (1,3,5,7,7,5,4,2,1)
(2,2,3) — (1,2,4,5,6,6,4,2,1)
(2,3,2) — (1,2,4,6,7,6,4,2,1)
(2,1,4) — (1,2,3,3,4,4,3,2,1)
(2,1,2,1,1) — (1,3,6,7,8,7,5,3,1)
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A closer look at rank sequences for fences

(2,1,1,3) — (1,3,5,6,6,5,3,2,1)
(3,1,1,2) — (1,2,3,5,6,6,5,3,1)
(1,2,1,3) — (1,3,5,6,6,5,4,2,1)
(1,1,2,3) — (1,3,5,7,7,5,4,2,1)
(2,2,3) — (1,2,4,5,6,6,4,2,1)
(2,3,2) — (1,2,4,6,7,6,4,2,1)
(2,1,4) — (1,2,3,3,4,4,3,2,1)
(2,1,2,1,1) — (1,3,6,7,8,7,5,3,1)

Conjecture (Morier-Genoud, Ovsienko, 2020 )

The rank polynomials of fence posets are unimodal.
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What more can we say?

Consider (2,1,1,3) — (1,3,5,6,6,5,3,2,1).
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What more can we say?

Consider (2,1,1,3) — (1,3,5,6,6,5,3,2,1).
We have 1 <1 <2<3<3<5<5<6<6.

We call such a sequence bottom-interlacing:

ap<ao<ap1<ar<...<apn- (BI)
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What more can we say?

Consider (2,1,1,3) — (1,3,5,6,6,5,3,2,1).
We have 1 <1 <2<3<3<5<5<6<6.

We call such a sequence bottom-interlacing:
ap<ao<ap1<ar<...<apn- (BI)
We call similarly have top-interlacing sequences:

ao<ap<ar<a,1<...<ap (Th
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What more can we say?

Consider (2,1,1,3) — (1,3,5,6,6,5,3,2,1).
We have 1 <1 <2<3<3<5<5<6<6.

We call such a sequence bottom-interlacing:
ap<ao<ap1<ar<...<apn- (BI)
We call similarly have top-interlacing sequences:

ao<ap<ar<a,1<...<ap (Th

For example, the rank sequence (1,2,4,5,6,6,4,2,1) of (2,2,3) is
top interlacing:

1<1<2<2<4<4<5<6<6.
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What more can we say?

(2,1,1,3) — (1,3,5,6,6,5,3,2,1) Bl

(3,1,1,2) — (1,3,5,6,6,5,3,2,1) > Bl

(1,2,1,3) — (1,3,5,6,6,5,4,2,1) > Bl

(1,1,2,3) — (1,3,5,7,7,5,4,2,1) Bl
(2,2,3) — (1,2,4,5,6,6,4,2,1) Tl
(2,3,2) — (1,2,4,6,7,6,4,2,1)— BI, T| (symmetric)
(2,1,4) — (1,2,3,3,4,4,3,2,1)> Tl

(2,1,2,1,1) — (1,3,6,7,8,7,5,3,1) Bl
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What more can we say?

(2,1,1,3) — (1,3,5,6,6,5,3,2,1)— Bl

(3,1,1,2) — (1,3,5,6,6,5,3,2,1)— Bl

(1,2,1,3) — (1,3,5,6,6,5,4,2,1)— Bl

(1,1,2,3) — (1,3,5,7,7,5,4,2,1) Bl
(2,2,3) — (1,2,4,5,6,6,4,2,1)— TI
(2,3,2) — (1,2,4,6,7,6,4,2,1)— BI, Tl (symmetric)
(2,1,4) — (1,2,3,3,4,4,3,2,1)— TI

(2,1,2,1,1) — (1,3,6,7,8,7,5,3,1)+ Bl
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Conjecture (McConville, Sagan, Smyth, 20212 )

Suppose o = (a1, g, . .., as).
(a) If s=1 then r(a) =(1,1,...,1) is symmetric.
(b) If s is even, then r(a) is bottom interlacing.
(c) If s > 3 is odd we have:
(i) If a1 > as then r(«) is bottom interlacing.

(ii) If a1 < as then r(a) is top interlacing.

(iii) If a3 = as then r(«) is symmetric, bottom interlacing, or
top interlacing depending on whether r(az,as, ..., as_1)
is symmetric, top interlacing, or bottom interlacing,
respectively.

2McConville, B. E. Sagan, and Smyth, On a rank-unimodality conjecture of
Morier-Genoud and Ovsienko.
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What if we close up the fence?

Example (o = (2,1,1,3))
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What if we close up the fence?

Example (o = (2,1,1,3))

X8

The circular fence has rank sequence (1,2,3,4,4,3,2,1).
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What if we close up the fence?

Example (o = (2,1,1,3))

X8

The circular fence has rank sequence (1,2,3,4,4,3,2,1).

It is symmetric. Is this always so?
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What if we close up the fence?

Example (o = (2,1,1,3))

X8

The circular fence has rank sequence (1,2,3,4,4,3,2,1).
It is symmetric. Is this always so?

Answer: Yes, but it is not trivial to prove.
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Theorem (Kantarci Oguz, Ravichandran, 20213)

Rank polynomials of circular fence posets are symmetric.

3Kantarci Oguz and Ravichandran, Rank Polynomials of Fence Posets are
Unimodal.

*Elizalde and B. Sagan, Partial rank symmetry of distributive lattices for
fences.

Ezgi KANTARCI OGUZ Oriented Posets and Rank Matrices 32 /64



Theorem (Kantarci Oguz, Ravichandran, 20213)

Rank polynomials of circular fence posets are symmetric.

Our proof:

We have one case that is trivially symmetric: (k,1,1,...,1).

We show that moving a node from one segment to the next does
not break symmetry.

3Kantarci Oguz and Ravichandran, Rank Polynomials of Fence Posets are
Unimodal.

*Elizalde and B. Sagan, Partial rank symmetry of distributive lattices for
fences.
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Theorem (Kantarci Oguz, Ravichandran, 20213)

Rank polynomials of circular fence posets are symmetric.

Our proof:

We have one case that is trivially symmetric: (k,1,1,...,1).

We show that moving a node from one segment to the next does
not break symmetry.

>> Recent bijective proof by Sagan and Elizalde*.

3Kantarci Oguz and Ravichandran, Rank Polynomials of Fence Posets are
Unimodal.

*Elizalde and B. Sagan, Partial rank symmetry of distributive lattices for
fences.
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The next step

There are several natural ways to associate a circular fence to a
given fence.

Example (Adding the relation x; = xg)

X1
X8
v
k() _ rank(/) rank(/)
2 = Y g
I {Ixi€l=xs€l} {Ixel X1}
circular rank g X rank polynomial
polynomial for (1,1)
(symmetric) (smaller, shifted center)
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What does this tell us about the rank polynomial?

symmetric piece (1,2,3,5,5,5,3,2,1) by = by, b1 = by—1,. ..
+ +
smaller piece, (0,1,2,1,1,0,0,0,0) co>cp, €1 > Cn1,---
shifted center

Z grank(?) (1,3,5,6,6,5,3,2,1) ap > ap a1 > ap—1,.--
/
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What does this tell us about the rank polynomial?

symmetric piece (1,2,3,5,5,5,3,2,1) by = by, b1 = by—1,. ..
+ +
smaller piece, (0,1,2,1,1,0,0,0,0) co>cp, €1 > Cn1,---
shifted center

quank(l) (17375767675737271) ao 2 dn, d1 Z dp—1,---
I
This gives us half of the equations for being bottom interlacing:

ap,<ap, ap-1<a, ap2<a ap3<as,... J

Ezgi KANTARCI OGUZ Oriented Posets and Rank Matrices 34 / 64



What does this tell us about the rank polynomial?

symmetric piece (1,2,3,5,5,5,3,2,1) by = by, b1 = by—1,. ..
+ +
smaller piece, (0,1,2,1,1,0,0,0,0) co>cp, €1 > Cn1,---
shifted center

quank(l) (17375767675737271) ao 2 dn, d1 Z dp—1,---
I
This gives us half of the equations for being bottom interlacing:

ap,<ap, ap-1<a, ap2<a ap3<as,... J

ap<a<api1<aa<ar<a<az<as... (BI)
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We can get the other half by associating another circular
fence.

Example (Connecting xg and x; by a minimal node xp)

X1
X8
X0
v
Z qrank(l) _ Z qrank(l) N Z qrank(l)
{llx0€l} ! {lIx0¢1}
g X rank circular rank rank polynomial
polynomial for (2,1,1,3) polynomial for (0)
(symmetric, (smaller,
shifted center) shifted center)

Ezgi KANTARCI OGUZ Oriented Posets and Rank Matrices 35/ 64



On the rank polynomial side

symmetric piece (1,2,3,5,6,6,5,3,2,1) by = bpt1, b1 = bp,. ..
larger

smaller piece, (1,1,0,0,0,0,0,0,0) ¢cp>cn €1 > Cp1,---
shifted center

(0,a0,a1,...,an) (0,1,3,5,6,6,5,3,2,1) 0<a, a<ap1...
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On the rank polynomial side

symmetric piece (1,2,3,5,6,6,5,3,2,1) by = bpt1, b1 = bp,. ..
larger

smaller piece, (1,1,0,0,0,0,0,0,0) ¢cp>cn €1 > Cp1,---
shifted center

(0,a0,a1,...,an) (0,1,3,5,6,6,5,3,2,1) 0<a, a<ap1...

This gives us the other half of the bottom-interlacing equations:

ap<a, ap-1<3a, a2<a, ap3<as,...
_l’_
ao<ap-1, a<ap2, »<ap3 ...

ap<ag<ap1<ai<apr<a<a,z<a<l... (BI)

4
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Theorem (Kantarci Oguz, Ravichandran, 2021)

Rank polynomials of fence posets are unimodal.

In particular, for o = (a1, g, . .., as) we have:
(a) If s=1 then r(a) = (1,1,...,1) is symmetric.
(b) If s is even, then r(«) is bottom interlacing.
(c) If s > 3 is odd we have:

(i) If a1 > as then r(«) is bottom interlacing.

(ii) If a1 < as then r(«) is top interlacing.

(iii) If a1 = as then r(«) is symmetric, bottom interlacing, or
top interlacing depending on whether r(ag, a3, ..., as_1)
is symmetric, top interlacing, or bottom interlacing,
respectively.
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What about the rank polynomials of circular fence posets?

Are they also unimodal?
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What about the rank polynomials of circular fence posets?

Are they also unimodal? Answer: Not always.

For the circular poset (1, a,1,a) we get a small dip in the middle:

(1,2,...,a,a+1,a,a+1,a,a—1,...,2,1).
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For the circular poset (1, a,1,a) we get a small dip in the middle:

(1,2,...,a,a+1,a,a+1,a,a—1,...,2,1).

Nicer answer: Almost always.
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What about the rank polynomials of circular fence posets?

Are they also unimodal? Answer: Not always.

For the circular poset (1, a,1, a) we get a small dip in the middle:

(1,2,...,a,a+1,a,a+1,a,a—1,...,2,1).

Nicer answer: Almost always.

Conjecture (Kantarci Oguz, Ravichandran, 2022)

For any a # (1, k,1, k) or (k,1, k, 1) for some k, the rank
sequence R(c; g) is unimodal.
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What about the rank polynomials of circular fence posets?

Are they also unimodal? Answer: Not always.

For the circular poset (1, a,1,a) we get a small dip in the middle:

(1,2,...,a,a+1,a,a+1,a,a—1,...,2,1).

Nicer answer: Almost always.

Theorem (Kantarci Oguz, Ravichandran, Ozel 2023)

For any « # (1, k,1, k) or (k,1,k,1) for some k, the rank
sequence R(c; q) is unimodal.
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Another Perspective

We can also see fences as intervals in the Young's lattice.

Young's Lattice is the lattice of Ferrers diagrams of Partitions
ordered by inclusion.

/
20N

7N ZINZN N N

(Image from Wikipedia, created by David Eppstein)
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For any partition, we can look at the generating function of the
partitions that lay under it.

G(Xiq) =) q"
nCA
Q
| G(Hyiq)=d*+2¢* +q+1
O
/. G(H];q)zq4+2q3+2q2+q+1
m H
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For any partition, we can look at the generating function of the
partitions that lay under it.

G(Xiq) =) q"

nCA

| G(Hyiq)=d*+2¢* +q+1
VAR G(H:,;q>:q4+2q3+2q2+q+1
N\ We can also look at the interval
-
/

between two partitions.
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For any partition, we can look at the generating function of the
partitions that lay under it.

G(Xiq) =) q"
nCA
Q
| G(Hi9)=¢*+2¢> +qg+1
O
/. G(Hj;q)zq4+2q3+2q2+q+1
mm H

between two partitions.

/ \H We can also look at the interval
/
Hﬂ G(\/v;q) = Z q|M|—\V|

ZIN 7N 1IN vCpCA
G(H:,/H;q) =q*+2q+1
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Unimodality of these polynomials were considered by Stanton in
1990°.

®Stanton, “Unimodality and Young's lattice" .
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Unimodality of these polynomials were considered by Stanton in
1990°. Note that taking the transpose does not change the
polynomial we get, so we can think up to transpose.

®Stanton, “Unimodality and Young's lattice" .
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Unimodality of these polynomials were considered by Stanton in
1990°. Note that taking the transpose does not change the
polynomial we get, so we can think up to transpose.

Conjecture (Stanton,1990)
The polynomials corresponding to self-dual partitions are unimodal.

®Stanton, “Unimodality and Young's lattice” .
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The counter examples mainly occur in the case where we have 4
parts, where we only get a dip in the middle.
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The counter examples mainly occur in the case where we have 4
parts, where we only get a dip in the middle.

TABLE 1

Partition i Values Partition i Values
8844 15 31 30 31 111166 21 67 66 67
10944 17 46 45 46 14 134 4 21 76 75 76
10104 4 17 46 45 46 16 1244 23 91 90 91

12 10 4 4 19 61 60 61 14 14 4 4 21 76 75 76
1211 4 4 19 61 60 61 121284 23 81 80 81
12124 4 19 61 60 61 12108 6 23 82 81 82
14 11 4 4 21 76 75 76 888642 23 141 140 141
111165 21 67 66 67 886644 23 144 143 144
141244 21 76 75 76

Ezgi KANTARCI OGUZ

(Table from " Unimodality and Young's Lattice”, Stanton)

Oriented Posets and Rank Matrices
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Given a fence, we can see it as a difference of two partitions «/v.

Example ((2,1,1,3) — (4,4,4,4,3)/(3,3,3,2))
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Given a fence, we can see it as a difference of two partitions «/v.

Example ((2,1,1,3) — (4,4,4,4,3)/(3,3,3,2))

i L]

Note that the ideals of the fence coincide with the partitions that
lie between « and v, so G(\/v) agrees with the rank polynomial.
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Given a fence, we can see it as a difference of two partitions «/v.

Example ((2,1,1,3) — (4,4,4,4,3)/(3,3,3,2))

i L]

Note that the ideals of the fence coincide with the partitions that
lie between « and v, so G(\/v) agrees with the rank polynomial.

Rank polynomials actually correspond to a special class of
differences called ribbon diagrams, where we have no 2 x 2 box.
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Given a fence, we can see it as a difference of two partitions «/v.

Example ((2,1,1,3) — (4,4,4,4,3)/(3,3,3,2))

i L]

Note that the ideals of the fence coincide with the partitions that
lie between « and v, so G(\/v) agrees with the rank polynomial.

Rank polynomials actually correspond to a special class of
differences called ribbon diagrams, where we have no 2 x 2 box.

Polynomials corresponding to ribbon diagrams are unimodal. J
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A generalization: Oriented Posets

We build posets from building blocks which we call oriented posets,
which come with 2 x 2 rank matrices instead of rank polynomials.

o
XR

XL
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A generalization: Oriented Posets

We build posets from building blocks which we call oriented posets,
which come with 2 x 2 rank matrices instead of rank polynomials.

o
XR

XL

9+ +¢@+q* 1+q+q°
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A generalization: Oriented Posets

We build posets from building blocks which we call oriented posets,
which come with 2 x 2 rank matrices instead of rank polynomials.

o
XR

XL

9+ +¢@+q* 1+q+q°
MQ(P/): q 1

We can read the rank polynomial directly from the rank matrix.
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A generalization: Oriented Posets

We build posets from building blocks which we call oriented posets,
which come with 2 x 2 rank matrices instead of rank polynomials.

o
XR

XL

a+@+¢+q" 1+q+q

Mq(P /) = . 1

We can read the rank polynomial directly from the rank matrix.
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Combining posets < Multiplying rank matrices. )
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Combining posets < Multiplying rank matrices. )
,/‘l
XR
X[ p
Mq(P7)
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Combining posets < Multiplying rank matrices. )
e YL
XR R 2
XL
P Q”

Mq(P)  Mq(Q.7)
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Combining posets < Multiplying rank matrices. )
X[ (P Q)
=
Mq(P7) Mq(Q) Mq((P7Q) )
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Taking the trace < Combining the two ends of a poset )
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Taking the trace < Combining the two ends of a poset )

P
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In particular, for dealing with fence poset or circular fence posets,
two matrices are enough to give us all the structure.

A down step and an up step.
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In particular, for dealing with fence poset or circular fence posets,
two matrices are enough to give us all the structure.

A down step and an up step.

Mu(oN) = D = [1?’ _Oq], Mo(o ) = U = [g ﬂ
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In particular, for dealing with fence poset or circular fence posets,
two matrices are enough to give us all the structure.

A down step and an up step.

1+q — 1
Mooy =0= 77 T e =u=[7 ]
.\\ .\\
o’/ ) o’/ .\\
///2 ’ ‘\
./ \\\

Mg(F(2,1,1,3)\)=U-U-D-U-D-D-D-D.
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If we are dealing with fence poset or circular fence posets, two
matrices are enough to give us all the structure.

A down step and an wup step.

My (o) == D = [171”’ _0"], Mo(o ) = U = [g ﬂ

My(F(2,1,1,3)\,) = U?-D-U-D*.
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The case of fences

Theorem (Kantarci Oguz, 2022)

Consider the oriented poset F(«) corresponding to

o = (ula d17 uz, d2a -y Us, ds)

Then F(«) has rank matrices:
Mq(F(a)\) = U DAy D®% ... ys—1 %=1y p%TL
Mq(F(a) /) = U DA Y2 D% . .. Y1 D%-1 Y D% .

A
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The case of fences

Theorem (Kantarci Oguz, 2022)

Consider the oriented poset F(«) corresponding to
o = (ula d17 uz, d2a ...y Us, ds)
Then F(«) has rank matrices:

Mq(F(a)\) = U DAy D®% ... ys—1 %=1y p%TL
Mq(F(a) /) = U DA Y2 D% . .. Y1 D%-1 Y D% .

The circular fence poset F(c) has rank polynomial:

R(F(c); q) = trace(U1 DA Y2 D% . . . (y¥s—1 D9-1 (s D),

A
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Application: ldentities

We can use matrices to do fast calculations, conjecture and prove
identities.
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Application: ldentities

We can use matrices to do fast calculations, conjecture and prove
identities.

Proposition (Kantarci Oguz, 2022)

Let X be a palindromic composition with an even number of parts.
For kK > 1, s > 1 we have:

R((L, k,r +1,X,r);q) = [k + 1] - R((r +2,X,r); q),
R((k,1,k+r,X,r);q)=[k+1]y R((k+r+1,X,r);q).

Davr— 1 Aawy

lllustration of (Id 1) with r =1, k = 4,5 = 2.
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Application: Recurrences

We can use matrix identities to get recurrences on fences.

U>=(qg+1)U+aq, D? = (q+1)D + q.
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Application: Recurrences

We can use matrix identities to get recurrences on fences.

U>=(qg+1)U+aq, D? = (q+1)D + q.

Proposition (Kantarci Oguz, Ravichandran, Ozel, 2023)

We have the following recurrence relations on rank polynomials:

R((k+2,X);q) = (g + )R((k +1,X); q) + qR((k, X); q),
R((k +2,X); q) = (g + D)R((k + 1,X); q) + qR((k, X); q).
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Application: Recurrences

We can use matrix identities to get recurrences on fences.

DUD = DU + UD — U + D3 — D?.
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Application: Recurrences

We can use matrix identities to get recurrences on fences.

DUD = DU + UD — U + D3 — D?.

Proposition (Kantarci Oguz, Ozel, Ravichandran, 2022)

We have the following recurrence relation polynomials:

R((a,1,b,X);q) =R((a—1,1,b,X); q) + R((a,1,b —1,X); q)
~R((a—1,1,b—1,X);q)
+R

((a+b+1,X);q) — R((a+ b,X); q).
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Application: Recurrences

We can use matrix identities to get recurrences on fences.

DUD = DU + UD — U + D3 — D?.

Proposition (Kantarci Oguz, Ozel, Ravichandran, 2022)

We have the following recurrence relation polynomials:

Theorem (Kantarci Oguz, Ozel, Ravichandran, 2022)

For any a # (1, k,1, k) or (k,1,k,1) for some k, the rank
sequence R(c; q) is unimodal.
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Application: Calculations on Cluster Algebras

We can also keep track of the actual vertices in each ideal. We
only need to substitute w; for g in the matrices. We can use that
to calculate expansion formulas for arcs in trianglated surfaces.

; 1 5 6 !
15 1 1 3
1 NENNENE (J
4 [10[ 9 ' 1 r)
2
: N
— G
\_’k\ a .
\'/ .
3 '
TATD
r3T10 - -
et 3 i . f Ye
Py o .1»1.'1,‘11‘.“1.1'11 Iy
— Y3 B
2Ty o
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5" Py T2

5 T L 11-t9
r|r)s5 1414 Ir11ria

Y3 a—

Ty Ty

We get a weight matrix where the top left entry gives us the
generating polynomials of the ideals.

oAUl ) I

Ezgi KANTARCI OGUZ Oriented Posets and Rank Matrices 56 / 64



14+ w3 + ws + wows + waws + wswe + wowsws + w3waws
+ w3wsWe + Wow3waWs + WoW3WsWe + W3 WaWsWe
-+ W1 Wo w3 Wy Ws + Wo W3 W WsWg + W1 Wo W3 W4 Ws We.

We than plug in the weights (and more) to obtain the expansion
formula of the arc:

X(Mf) R(Py;xy) —

X1X2xfx6XQ
CI’OSS(’)’7 T) X1X2X3X4X5X6

Xy = R(Py; xy)

_ XaX9 + X1X9X15 + X9X11X14 X9X10 X1X9X11X14X15

3 5 2Y3
X3X5 X2X3X5 X3X5X6 X2 X5 X2 X3X4X5X6

X7X14 X9X10X11X14 X9X11X15 X1 X7X14X15
+ Y5Y6 + Yoy3ys + ————y3yays + ——————¥3¥5¥6
X3Xp X2 X4X5X6 X2 X4 X6 X2X3X4X6

X3X9X10X11y yayays + X7X10 14y v +
7X1X2X4X 5 7)(2 X2 y YaYsYe
+X X3X5X7X10

X1

09X11
}’1)/2}/3)/4}/5 + ————Y2)3ya¥s¥e + 7}’1}’2)’3}’4)’5}’6
X6 X1 X2X4X6

Ezgi KANTARCI OGUZ Oriented Posets and Rank Matrices 57 / 64



Markov Numbers

Markov triples are positive integer solutions of the Markov
Diophantine equation:

x4 y? + 2% = 3xyz.

Each number in a Markov triple is a Markov number.
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Markov Numbers

Markov triples are positive integer solutions of the Markov
Diophantine equation:

x4 y? + 2% = 3xyz.
Each number in a Markov triple is a Markov number.

The maximums of Markov triples are in one-to-one correspondence
with minimums of quadratic forms.
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Markov Numbers

Markov triples are positive integer solutions of the Markov
Diophantine equation:

X2+ y? 4+ 2% = 3xyz.
Each number in a Markov triple is a Markov number.

The maximums of Markov triples are in one-to-one correspondence
with minimums of quadratic forms.

Frobenius conjectured that these maximums are in bijection with
all Markov numbers:

Uniqueness Conjecture (Frobenius, 1913) Each Markov number is
the largest member of exactly one Markov triple.

(see the book Markov's Theorem and 100 Years of the Uniqueness
Conjecture by M. Aigner for more details)

Ezgi KANTARCI OGUZ Oriented Posets and Rank Matrices 58 / 64



Markov Numbers

Markov triples are positive integer solutions of the Markov
Diophantine equation:

X2+ y? 4+ 2% = 3xyz.
Each number in a Markov triple is a Markov number.

The maximums of Markov triples are in one-to-one correspondence
with minimums of quadratic forms.

Frobenius conjectured that these maximums are in bijection with
all Markov numbers:

Uniqueness Conjecture (Frobenius, 1913) Each Markov number is
the largest member of exactly one Markov triple.

(see the book Markov's Theorem and 100 Years of the Uniqueness
Conjecture by M. Aigner for more details) .

All solution triples can be recursively calculated recursively from
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Markov Numbers

One can also calculate Markov numbers using Christoffel words.
We take the corresponding Cohn matrix for each word, then divide
the trace by 3.
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Markov Numbers

One can also calculate Markov numbers using Christoffel words.
We take the corresponding Cohn matrix for each word, then divide
the trace by 3.

Recently, g-deformed Markov numbers were defined using
g-deformed Cohn matrices and dividing by [3], instead.
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Markov Numbers

One can also calculate Markov numbers using Christoffel words.
We take the corresponding Cohn matrix for each word, then divide
the trace by 3.

Recently, g-deformed Markov numbers were defined using
g-deformed Cohn matrices and dividing by [3], instead.

Observations:
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Markov Numbers

One can also calculate Markov numbers using Christoffel words.
We take the corresponding Cohn matrix for each word, then divide
the trace by 3.

Recently, g-deformed Markov numbers were defined using
g-deformed Cohn matrices and dividing by [3], instead.

Observations:

The g-deformed Cohn matrices are rank matrices of certain
posets.
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Markov Numbers

One can also calculate Markov numbers using Christoffel words.
We take the corresponding Cohn matrix for each word, then divide
the trace by 3.

Recently, g-deformed Markov numbers were defined using
g-deformed Cohn matrices and dividing by [3], instead.

Observations:

The g-deformed Cohn matrices are rank matrices of certain
posets.

The division by [3]q can be dealt with via the identity:

R((L, kyr+1,X,r);q) = [k+ 1]q- R((r +2,X,r); q).
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Oriented posets give a combinatorial model for g-deformed Markov
Numbers.
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Oriented posets give a combinatorial model for g-deformed Markov
Numbers.

Algorithm: For a given Markov Number N,
Take the corresponding Christoffel word w.
Delete leftmost and rightmost letters of w.
Replace each a by 1,1, each b by 2,2.

Prepend by 3,1 to get a composition «(N).

The g-deformation of N is given by the rank polynomial of a(N). )
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Oriented posets give a combinatorial model for g-deformed Markov
Numbers.

Algorithm: For a given Markov Number N,
Take the corresponding Christoffel word w.
Delete leftmost and rightmost letters of w.
Replace each a by 1,1, each b by 2,2.

Prepend by 3,1 to get a composition «(N).

The g-deformation of N is given by the rank polynomial of a(N). |

For the Markov number 13 we get:
—aab—a—1,1—
. The g-deformations given by R(F(3,1,1,1); q):
trace(U3-D-U-D)=1+29+2¢*+3¢° +2¢* +2¢° + 1.
Oriented Posets and Rank Matrices



Thank you for listening!

Kantarci Oguz, E. & Ravichandran, M. Rank Polynomials of Fence Posets
are Unimodal. Discrete Math.. 346 (2023).

Kantarci Oguz, E. Oriented Posets. (2022).

Morier-Genoud, S. & Ovsienko, V. g-deformed rationals and g-continued
fractions. Forum Math. Sigma. 8 pp. Paper No. el3, 55 (2020).

McConville, T., Sagan, B. & Smyth, C. On a rank-unimodality conjecture
of Morier-Genoud and Ovsienko. Discrete Math.. 344 pp. 13 (2021).

Elizalde, S. & Sagan, B. Partial rank symmetry of distributive lattices for
fences. (2022).

Kantarci Oguz, E. & Yildirnm, E. Cluster Algebras and Oriented Posets.
(2022).
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Kantarci Oguz, E. & Ozel, C. Y.& Ravichandran, M. Fence Posets and
Ehrhart-Equivalence. (2022).
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Extra: Rank Matrix Calculations

. R _R|XR€/ ) R|XR€I 72’|XR¢I
Mq(P\‘) = R|XL§5/ _R|XR€/ Mq(P/‘) = R|XRE/ R|XR¢/
xp &1 x ¢l xu gl
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Extra: Rank Matrix Calculations

. R _R|XR€/ ) R|XR€I R|XR¢I
Mq(P\‘) = R|XL§E/ _R|XR€/ Mq(P/‘) = 7Q|XRE/ R|XR¢/
xp &1 x ¢l xu gl

XL

4
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Extra: Rank Matrix Calculations

. R _R|XR€/ ) R|XR€I R|XR¢I
Mq(P\‘) = R|XL§E/ _R|XR€/ Mq(P/‘) = 7Q|XRE/ R|XR¢/
xp &1 x ¢l xu gl

XL

1+2q9+2¢°+q°+¢*
M(PN) = |1 22T+ T

4
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Extra: Rank Matrix Calculations

. R _R|XR€/ ) R|XR€I R|XR¢I
Mq(P\‘) = R|XL§E/ _R|XR€/ Mq(P/‘) = 7Q|XRE/ R|XR¢/
xp &1 x ¢l xu gl

XL

Mq(P\)::[ q+2¢°+¢°+¢* —g-¢*—¢—gq

4
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Extra: Rank Matrix Calculations

. R _R|XR€/ ) R|XR€I R|XR¢I
Mq(P\‘) = R|XL§E/ _R|XR€/ Mq(P/‘) = 7Q|XRE/ R|XR¢/
xp &1 x ¢l xu gl

XL

1429+2¢*°+ ¢ +q¢* —q—-¢*—q¢*—¢*

MPN) = |12 RE

4
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Extra: Rank Matrix Calculations

. R _R|XR€/ ) R|XR€I R|XR¢I
Mq(P\‘) = R|XL§E/ _R|XR€/ Mq(P/‘) = 7Q|XRE/ R|XR¢/
xp &1 x ¢l xu gl

XL

Mq(P\)::[ 9+2¢°+a°+q* —q-¢*—a*—q*]

1+g —q

4
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Extra: Rank Matrix Calculations

. R _R|XR€/ ) R|XR€I R|XR¢I
Mq(P\‘) = R|XL§E/ _R|XR€/ Mq(P/‘) = 7Q|XRE/ R|XR¢/
xp &1 x ¢l xu gl

XL

1429+2¢*°+ ¢ +q¢* —q—-¢*—q¢*—¢*
Mq(P\) ;:{ L . .

2 3 4
M(P )= 1T TG

4
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Extra: Rank Matrix Calculations

. R _R|XR€/ ) R|XR€I R|XR¢I
Mq(P\‘) = R|XL§E/ _R|XR€/ Mq(P/‘) = 7Q|XRE/ R|XR¢/
xp &1 x ¢l xu gl

XL

Mq(P\)::[ 9+2¢°+a°+q* —q-¢*—a*—q*]

1+g —q

+¢@+q*+¢* 1+q+4q°
Mq(P/)::{q @+ +gq q+gq

4
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Extra: Rank Matrix Calculations

. R _R|XR€/ ) R|XR€I R|XR¢I
Mq(P\‘) = R|XL§E/ _R|XR€/ Mq(P/‘) = 7Q|XRE/ R|XR¢/
xp &1 x ¢l xu gl

XR
XL
1+29+2¢° +¢*+q¢* —q9-¢*~¢*—q*
P = .
MPN) = |12 RE =
+@+a+q* 1+qg+4°
Mq(P ) = {q q qq q q+gq
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Extra: Rank Matrix Calculations

. R _R|XR€/ ) R|XR€I R|XR¢I
Mq(P\‘) = R|XL§E/ _R|XR€/ Mq(P/‘) = 7Q|XRE/ R|XR¢/
xp &1 x ¢l xu gl

XR
XL
1429+2¢*+ ¢ +q* —g—-¢*-¢*—4q*
P = .
MPN) = |12 RE -
+¢@+q*+¢* 1+q+4q°
Mqg(P ) = [q 9 qq 9 ql 7.
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Extra: Rank Matrix Calculations

R _R‘XRGI 7?'|XR€I 7?’|XR¢I
MCI(P\I) = R|XL¢[ —R|XR€/ Mq(P/) = R|XREI 72’|XR¢I

XLgl XL¢I X[_§él

XR
XL
1+29+2¢°+¢*+q¢* —q-¢*-q¢*-q*
Mq(P = .
(PN = [P =
+q*+9°+q" 1+q+4°
Mq(P ) = [q g qq Y ql T .

V.
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Extra: Rank Matrix Calculations

R _R‘XRGI R|XR€I R|XR¢/
MCI(P\I) = R|XL¢[ —R|XR€/ Mq(P/) = R|XREI 72’|XR¢I

XLgl XL¢I X[_§él

XR
XL
|- 8g-F 2 b ap e —g—a —a =G
Mg(P = .
(PN = [P =
+¢@+q¢+q* 1+qg+4q°
Mq(P/‘)::{q q qq q q1 7|

V.
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