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Outlook

1. Scattering amplitudes in a (small) nutshell

2. Feynman integrals as generalised Euler integrals

3. Singularities of Feynman integrals




Particle Physics: Scattering Amplitudes




Feynman Integrals

G = (V,E) connected undirected graph

& Do P3

1,D—-1
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Feynman Integrals

G = (V,E) connected undirected graph
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Graph polynomial
P3
& P2

1,D—-1

U, F ; homogeneous polynomials in the variables o

with coefficients in the kinematic space
K C C"
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Feynman Integrals: box diagram

P4 N P3

\. - .% n=4, E=4,1L =1

a1 A T o, a, € C*,m,eRyy, e=1,. E
P1 P>

% — a1+062+063+054

2 2 2 2 2 2
F = pioga, + pyonos + pyosoy + progoy + (P + pr) oqon + (py + p3) opo,+

—(mia; + msa, + myay + mya,)%

5 J‘ a;'ay’ oy, da

/
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Vector Spaces of Generalised Euler Integrals




Generalised Euler Integrals [GKZ]

o= [ (1)

J=1 =

e a=(a...,a)€ (C*)

* f=(f,....fr) € Cla,a™ 1"

* §=(5,...,5,) € Cl, v= (vyy...,v,) € C"

e 'e H(X,w), where w = dlog(f’a")

p Twisted de Rham homology group
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Generalised Euler Integrals [GKZ]

o= [ (1)

J=1 =

e a=(a...,a)€ (C*)

o f— ~147 Feynman integrals: £ = 1, f = Graph
f=Upefo) € Elaa] polynomial

* §=(5,...,5,) € Cl, v= (vyy...,v,) € C"
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veCtOr Spaces Of Generalised Eulerlntegrals

Twisted (co)homology

do
Vi = SpanC{[r] I—>J f”“a”b—}
I’ (a,b) € ZXZ™ .' Mastrolia, Mizera
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veCtOr Spaces Of Generalised Eulerlntegrals

Twisted (co)homology

0/ .' Mastrolia, Mizera

do
Vi = SpanC{[F] — J fs+aa1/+b_}
I (a,b) € Z¢x2Z"

} el GKZ systems
[ I'leH, (X,w) .- Matsubara-Heo, Chestnov, ...

da
Ve 1= Span@{ZHJ' fa,z) a¥ —
I

04




Theorem (Agostini, F., Sattelberger, Telen):

Let f=(f},....f7) € Cla,a™ ']’ be Laurent polynomials with fixed monomial supports and generic
coefficients. Consider Vr, V.« with generic choices of parameters each. Then

dime(Vp) = dime(Vo) = (=1)" - y(X).

&* Topological Euler

characteristic



Theorem (Agostini, F., Sattelberger, Telen):

Let f=(f},....f7) € Cla,a™ ']’ be Laurent polynomials with fixed monomial supports and generic
coefficients. Consider Vr, V.« with generic choices of parameters each. Then

dime(Vp) = dime(Vo) = (=1)" - y(X).

&* Topological Euler

characteristic



Theorem (Agostini, F., Sattelberger, Telen):

Let f=(f},....f7) € Cla,a™ ']’ be Laurent polynomials with fixed monomial supports and generic
coefficients. Consider Vr, V.« with generic choices of parameters each. Then

dime(Vp) = dime(Vo) = (=1)" - y(X).

L* Topological Euler

characteristic

Computing Euler characteristics

Theorem (Huh): | y(X) | equals the number of critical points of
£

L = log(f’a") = Zsjlog]? + Zvilogai

for general s, v .



Solving rational function equations using Homotopy
Continuation jl

using HomotopyContinuation

OQvar o[1:3], s, m[1:3], ull:4]
f = (1 - m[1]l*a[1] - m[2]*ax[2] - m[3]*x[3])*
(a[1]*a[2] + al[2]*ax[3] + o[3]*a[1]) + s*a[1]*o[2]*a[3]

W = ull] * log(f) + dot(ul2:4], log. (o))
dW = System(differentiate(W, o), parameters = [s; m; ul)

Crit = monodromy_solve(dW)
crt = certify(dw, Crit)
println(ndistinct_certified(crt))



veCtOr Spaces Of Generalised Eulerlntegrals

VF ¢ — Span(]: { [1"] TN J fs+a v+b doa } Twisted (Co)hOm()lOgy
r @) ap ez .' Mastrolia, Mizera

GKZ systems
.- Matsubara-Heo, Chestnoy, ...

o da
Vs 1= Span, flo; ) a¥ —
3 % J reH,X.o)



GKZ

A = [ml

ms (¢ = D

W.lz ¢oe n:lS] e ZHXS, rank(A) — n

syste

]i‘(a;z) = Z; a™ + Zzamz 4 ...



GKZ

|

syste

ml m2 oo oo

ms (¢ = D)

mS] e 7", rank(A) = n

fula;2) = zya™ + a™ + - + za™ a=(a, ...

Xp: = (C\Vicep(a(a;2)) = {a € (C¥)" : fyla;2) # 0]




GKZ systems

Consider the Weyl algebra D, = Clz, | a € A](d,, | m; € A)
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GKZ systems

Consider the Weyl algebra D, = Clz, | a € A](d,, | m; € A)

Definition A
Iy == (0"—0"|u—v€Eker(A), u,v € N?) <4 C[9,, | m; € A]

Let k= (~v,5)" € C"*’
Sy =((AO0—-xK);,i=1,.,n+7),

where 6 :=(0,,),,c4 and 6, =c,0
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GKZ systems

Consider the Weyl algebra D, = Clz, | a € A](d,, | m; € A)

Definition A
Iy == (0"—0"|u—v€Eker(A), u,v € N?) <4 C[9,, | m; € A]

Let k= (~v,5)" € C"*’
Sy =((AO0—-xK);,i=1,.,n+7),

where 6 :=(0,,),,c4 and 6, =c,0

l

H,(k) := IA+JA,K < Dy I
m Examplel!!

10
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Theorem (Cauchy, Kovalevskaya, Kashiwara):

The dimension of the space of solutions of a D-ideal I on a simply connected domain U outside
the singular locus Sing(/) is equal to the holonomic rank of 1.

L dime,(R/RI)
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L dime,(R/RI)

Let z* € C* be such that and let kx be generic. For any simply connected domain U_. © z* outside the
singular locus, we have that

dime(V,) = dimg,(Ry/(Ry - Hy(x))) = |x(X, )| = vOl(Newt(fy(a,z*)))
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Theorem (Cauchy, Kovalevskaya, Kashiwara):

The dimension of the space of solutions of a D-ideal I on a simply connected domain U outside
the singular locus Sing(/) is equal to the holonomic rank of 1.

L dime,(R/RI)

Let z* € C* be such that and let kx be generic. For any simply connected domain U_. © z* outside the
singular locus, we have that

dime(V,) = dimg,(Ry/(Ry - Hy(x))) = |x(X, )| = vOl(Newt(fy(a,z*)))

Theorem:

For GKZ systems, we have

Sing(H,(x) = {E,(z) = 0)
k” Principal A-determinant
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Principal Landau Determinants




A-discriminants

Example 01 0 1

A:OO11 |

ala2) = 51+ o+ o+ 00

AA = det %
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A-discriminants

Example
P A —

0 0 I 1

aa,z) = 21+ 00 + 3, + 74

A 7y 2 {144 — <9<k3 o " 0

0 1 0 1] - P s

10

Ve = {ze C* : Ja € (C*) s.t. fy(a:2) = 0, fy(a; 2) =o}

0= (O ndy)

Definition: The A-discriminant variety V, = V5, records values of z for which V, . is a singular
hypersurface.
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Remark

Computing Specialising Specialising Computing

A-discriminant =® to parameter 7 to parameter [®| A_discriminant
space space
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Remark

Computing
A-discriminant

Specialising
=P to parameter
space

Pn o

(e3]
D1 o2 Qa3
Dp3
D2

(a) One-loop n-gon diagram,
G = A, (Sec. 2.5)

D4 b3
Qg

«
&5 s |43

Q2
P1 D2

(d) Acnode diagram,
G = acn (Ex. 10, Rk. 9, Thm. 2)

P4
(&3]
P (e3))
Qs
P27 ag
Oy
b3

(g) Twice doubled-edge triangle
diagram, G = tdetri (Thm. 2)

P4
Qy
P1 Qas
Qg (0%
p2 Q)
Q2
ps3

(j) Planar triangle-box diagram,
G = pltrb (Sec. 3.3.1, Thm. 2)

D1

P2

(b) Banana diagram with E edges,
G = Bg (Sec. 2.6, 4.4)

(e) Envelope diagram,
G = env (Ex. 12, Sec. 3.4)

y2h

b1

Qg P4
A P4 P1 &3] ‘
- @ Qg
\—7 e

Qg P3

(c) Parachute diagram,
G = par (Ex. 15, Thm. 2)

Ps3 P4
(o7} Q4
Qg P1 s
(075} Qa3 as
@5 D2 a
a2 (o)
P2 P3

(f) Non-planar triangle-box
diagram, G = npltrb (Thm. 2)

P4 oy p3 2 s p3
> >
>
(85 Qs
p1 P2 p1 b2
(h) Doubled-edge box diagram, (i) Twice doubled-edge box
G = debox (Thm. 2) diagram, G = tdebox (Thm. 2)
p1 P4 p1 ps
Qg (07 a7
a1
(&3] (&% Qy P2 Qs (o 7
(e3))
(6] Q3 Qs Qg
p2 p3 p3 P4

(k) Double-box diagram,
G = dbox (Thm. 2)

(1) Penta-box diagram,
G = pentb (Ex. 13)

Specialising
to parameter
space

LL.andau discriminants

Sebastian Mizera & & Simon Telen

Computing
A-discriminant

Journal of High Energy Physics 2022, Article number: 200 (2022) \




A VS volume

nalan . P Pa D1 aq
;Q/J( . P “ (|x(V4(&)) |, VvOI(A(E)))
@) Oneloop regon dingam, ) PG T NG TS T D g o o (
&3] m Q3 aq K Q3 . 3 G K S(Mz :0) g(oamc) 8(030)
n’ N, n’ N, TN Ay (15,15) (11,11) (11,15) (3,3)
Gt e hm.2) G (B 15 S 5y diagram, & = ap1trs (Thon, 2 By (15, 35) (1,1) (15,35) (1,1)
par (19, 35) (4, 8) (13, 35) (1,3)
o " " " " acn (55,136) (20, 54) (36, 136) (3,9)
K e env | (273,1496) | (56,262) | (181,1496) | (10,80)
S n’ " Np, n’ % Np npltrb | (116,512) (28,252) (77,512) (5,61)
Sngram, G e (Thn 2 ) s T ™ o, G vasner (e ) tdetri | (51,201) (4,18) (33,201) (1,5)
debox | (43,96) (11, 33) (31, 96) (3, 10)
NN ENETTI TNer a tdebox | (123,705) | (11,113) | (87,705) (3,41)
Gl al fer e P || pltrb | (81,417) | (16,201) (61,417) (4, 80)
Q9 .Ps - a2 Q3 - - g 04 - dbOX (227, 1422) (75,903) (159, 1422) (12, 238)
P S s e = st (e 1) pentb | (543,4279) | (228,3148) | (430,4279) | (62,1186)
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Principal A-determinant ckz

P := conv(A) C R”"

KQFEN

QeF(A)

&_} m;, € (J
Set of faces of P
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Principal A-determinant ckz

P := conv(A) C R”"

KQFEN

QeF(A)

L m;, € (J
Set of faces of P

Theorem (Amendola, Bliss, Burke, Gibbons, Helmer, H0§ten, Nash, Rodriguez, Smolkin, 201 2):
[x(Vy ) =vol(Ad) = e C \ {Es(z) = 0]

Moreover, when E,(z) = 0, we have |x(V4,)| < Vvol(A).

15



Example A — 01 0 1
o011

fala,z) = 21+ 00 + 3, + 74

Ey, =212 232 (2124 — 2%3)
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Example A — 01 0 1 ) )
1001 1
a@,2) = 1+ + 30+ 410
Ey =202 32 (3124 — 223)

Remark

Computing principal Specialising Specialising Computing principal
A-determinant =P to parameter 7& to parameter [=¥| A-determinant

space space
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Example A — 01 0 1 ) )
1001 1
a@,2) = 1+ + 30+ 410
Ey =202 32 (4124 — 223)

Remark

Computing principal Specialising Specialising Computing principal
A-determinant =P to parameter 7’5 to parameter [=¥| A-determinant

space space

R Bjorken, Landau, Nakanishi '54
R Klausen '21 - Berghoff, Panzer '22, - Dlapa, Helmer, Papathanasiou, Tellander '23
16



/X -discriminants

X. = {ae (C*": fla,z)#£0,i=1,...,7)
& =X

Z(&) = {z€ & : |yX)| < k) V(&) = {z€ & : | y(X)| = k}
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/X -discriminants

X. = {ae (C*": flaz)#£0,i=1,..,¢)
& =X

Z(&) = {z€ & : |yX)| < k) V(&) = {z€ & : |yX)| = k}
Definition

The x-discriminant variety of the family XZ of very affine varieties over & is the
closed subvariety
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/X -discriminants

X. = {ae (C*": flaz)#£0,i=1,..,¢)
& =X

Z(&) = {z€ & : |yX)| < k) V(&) = {z€ & : |yX)| = k}

Definition

The x-discriminant variety of the family XZ of very affine varieties over & is the
closed subvariety

Example |f & = C* and y* = VOI(A), then Aﬂ((%) =Fk,
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Principal Landau Determinants

Vg o(8) = {(a, D) ECH'XE 1 Gy p(@:2) =0, % (@:2) = o}
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PrinCipaI Landau Determinants Decompose into

distinct, irreducible

varieties
1€1(G,0)
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PrinCipaI Landau Determinants Decompose into

distinct, irreducible
varieties

—

Yo 0(8) = { (@2 € (©'x & : Ggg(@)=0,F69@ =0} = ] ¥0y®
1€1(G,0)
Project down

. v .
Vo @) = ms(Y(6) C &
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PrinCipaI Landau Determinants Decompose into

distinct, irreducible
varieties

—

Yo 0(8) = { (@2 € (©'x & : Ggg(@)=0,F69@ =0} = ] ¥0y®
1€1(G,0)
Project down

Take closure

)0 v i i Do
vg{»Q(%) — ng(YgQ(%)) cg ~—7 vg ,(8) = vg’Q(%) C&
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PrinCipaI Landau Determinants Decompose into

distinct, irreducible

varieties
1€1(G,0)
Project down

Take closure

i),o v i i Do
V(G),’Q(%) — ng(YgQ(%)) cg ~—7 vg ,(8) = VQ;Q(%) C&

Definition: The principal Landau determinant associated with G and & is the unique (up to scale)
square-free polynomial

E@ = |1 [] AY (&) € CIE]

Qel(A) €l(G,0),

18




REPOSITORY

Symbolic and Numeric Algorithm: pipji in julia on -% gortikke

edges = [[3,1],[1,2],[2,3],[2,3]];
nodes = [1,1,2,3];
getPLD(edges, nodes, internal_masses

:generic,

external_masses = :generic)

19



Symbolic and Numeric Algorithm: pLp i in julia on -5 s5¢tikke

REPOSITORY

edges = [[3,1],[1,2],[2,3],[2,3]];
nodes = [1,1,2,3];
getPLD(edges, nodes, internal_masses

:generic,

external_masses = :generic)

(O’O’ l)

1.01) §

(0,1,1)
(1,0,0) (0,1,0)
(1,1,0)
P = Newt(& )

19



Symbolic and Numeric Algorithm: pLp i in julia on -5 s5¢tikke

REPOSITORY

edges = [[3,1],[1,2],[2,3],[2,3]1];
nodes = [1,1,2,3];

getPLD(edges, nodes, internal_masses = :generic,
external_masses = :generic)
(0,0,1) re
(C*H'x &
(1,0,1) (0,1,1)
\4
(1,0,0) (0,1,0)
Parameter
space
(1,1,0)

19 Discard dominant components
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Conjectures

PLDG(&) C V(&)

Generic |Euler characteristic|, xx = 4
candidates = Any[Mi1, M3, M2, M1™2 — 2%M1kM2 - 2kM1kM3 + M2"2 — 2kM2xMs + M3”2]

Subspace M1 has ¥ = 2 < ¥x
Subspace Ms has ¥ = 2 < ¥x
Subspace M2 has ¥ = 2 < Xx

Subspace M172 — 2&M1ikM2 — 2kM1kM3 + M2"2 — 2xM2kMs + M3™2 has ¥ = 3 < Xx
(Any [M1, M3, M2, M1™2 - 2&M1xM2 - 2kMa1kM3s + M2"2 - 2&M2kMs + M3”2], Anyl[2, 2, 2, 3])

But we know V(&) ¢ PLDs(&)

21



Conjectures

PLDG(&) C V(&)

Generic |Euler characteristic|, xx = 4
candidates = Any[Mi1, M3, M2, M1™2 — 2%M1kM2 - 2kM1kM3 + M2"2 — 2kM2xMs + M3”2]

Subspace M1 has X = 2 < Xx
Subspace M3 has X = 2 < Xx
Subspace M2 has X = 2 < Xx

Subspace M172 — 2&M1ikM2 — 2kM1kM3 + M2"2 — 2xM2kMs + M3™2 has ¥ = 3 < Xx
(Any [M1, M3, M2, M1™2 - 2&M1xM2 - 2kMa1kM3s + M2"2 - 2&M2kMs + M3”2], Anyl[2, 2, 2, 3])

But we know V(&) ¢ PLDs(&)

PLDg(€) C V (&) = SiNg(H ,(k, &))

21
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Positive Geometry in Particle Physics and Cosmology

UNIVERSEH+ is a research project funded by the European Research Council (ERC). It comprises
particle physics, mathematics, and cosmology. (Institute for Advanced Study,
Princeton), (University of Amsterdam), (Max Planck Institute for
Physics), and (Max Planck Institute for Mathematics in the Sciences) lead the
project. The scientists aim to create a new mathematical language to describe physical
phenomena on all scales, from the interactions of elementary particles to the large-scale structure

of the Universe.

The UNIVERSE+ project seeks a new foundation for fundamental physics, ranging from
elementary particles to the Big Bang, revealing a hidden world of ideas beyond quantum
mechanics and spacetime. Novel geometric objects recently discovered in theoretical physics hint
at new mathematical structures. Combinatorics, algebra, and geometry have been connected to
particle physics and cosmology in an entirely unexpected way. Leveraging these advances, the
team will launch the field of Positive Geometry, as a new mathematical framework for describing
the laws of physics. To this end, the project brings together the necessary expertise in particle
physics (Nima Arkani-Hamed, Johannes Henn), cosmology (Daniel Baumann) and mathematics
(Bernd Sturmfels).
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