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Outlook 

Scattering amplitudes in a (small) nutshell


Feynman integrals as generalised Euler integrals 


Singularities of Feynman integrals  
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Particle Physics: Scattering Amplitudes 
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𝒢G
Graph polynomial          

𝒰G, ℱG homogeneous polynomials in the variables     
with coefficients in the kinematic space   

α

𝒦 ⊂ ℂm
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Feynman Integrals: box diagram

ℱ = p2
1α1α2 + p2

2α2α3 + p2
3α3α4 + p2

4α1α4 + (p1 + p2)2α1α3 + (p2 + p3)2α2α4+
−(m2

1α1 + m2
2α2 + m2

3α3 + m2
4α4)𝒰

Ib1,b2,b3,b4
= # ∫

∞

0

αb1
1 αb2

2 αb3
3 αb4

4

𝒢D/2

dα
α

pi ∈ ℝ1,D−1, bi ∈ ℕ

n = 4, E = 4, L = 1

αe ∈ ℂ*, me ∈ ℝ≥0, e = 1,…, Eα1

α4

α3

α2p1

p4 p3

p2

𝒰 = α1 + α2 + α3 + α4



Vector Spaces of Generalised Euler Integrals 



Generalised Euler Integrals [GKZ]

∫Γ
f s αν dα

α
= ∫Γ

ℓ

∏
j=1

f sj
j ⋅ (

n

∏
i=1

ανi
i ) dα1

α1
∧ ⋯ ∧

dαn

αn

α = (α1, …, αn) ∈ (ℂ*)n

f = ( f1, …, fℓ) ∈ ℂ[α, α−1]ℓ

s = (s1, …, sℓ) ∈ ℂℓ, ν = (ν1, …, νn) ∈ ℂn

Γ ∈ Hn(X, ω), where ω = dlog( f sαν)

Twisted de Rham homology group 

4



Generalised Euler Integrals [GKZ]

∫Γ
f s αν dα

α
= ∫Γ

ℓ

∏
j=1

f sj
j ⋅ (

n

∏
i=1

ανi
i ) dα1

α1
∧ ⋯ ∧

dαn

αn

α = (α1, …, αn) ∈ (ℂ*)n

f = ( f1, …, fℓ) ∈ ℂ[α, α−1]ℓ

s = (s1, …, sℓ) ∈ ℂℓ, ν = (ν1, …, νn) ∈ ℂn

Γ ∈ Hn(X, ω), where ω = dlog( f sαν)

Twisted de Rham homology group 

4

X := { α ∈ (ℂ*)n | f1(α)⋯fℓ(α) ≠ 0 } = (ℂ*)n ∖ V( f1⋯fℓ)



Generalised Euler Integrals [GKZ]

∫Γ
f s αν dα

α
= ∫Γ

ℓ

∏
j=1

f sj
j ⋅ (

n

∏
i=1

ανi
i ) dα1

α1
∧ ⋯ ∧

dαn

αn

α = (α1, …, αn) ∈ (ℂ*)n

f = ( f1, …, fℓ) ∈ ℂ[α, α−1]ℓ

s = (s1, …, sℓ) ∈ ℂℓ, ν = (ν1, …, νn) ∈ ℂn

Γ ∈ Hn(X, ω), where ω = dlog( f sαν)

X := { α ∈ (ℂ*)n | f1(α)⋯fℓ(α) ≠ 0 } = (ℂ*)n ∖ V( f1⋯fℓ)

Feynman integrals:                                                                                           ℓ = 1, f = Graph 
polynomial 

Twisted de Rham homology group 
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VΓ := Spanℂ{[ Γ] ⟼ ∫Γ
f s+a αν+b dα

α }
(a,b) ∈ ℤℓ×ℤn

Vector spaces of GeneralisedEulerIntegrals

Twisted (co)homology
Mastrolia, Mizera
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VΓ := Spanℂ{[ Γ] ⟼ ∫Γ
f s+a αν+b dα

α }
(a,b) ∈ ℤℓ×ℤn

Vz* := Spanℂ{z ⟼ ∫Γ
f(α; z)s αν dα

α }
[ Γ]∈Hn(X,ω)

Vector spaces of GeneralisedEulerIntegrals

Twisted (co)homology

GKZ systems 

Mastrolia, Mizera


Matsubara-Heo, Chestnov, …
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Let                                                be Laurent polynomials with fixed monomial supports and generic 
coefficients. Consider              with generic choices of parameters each. Then 


 

 

f = ( f1, …, fℓ) ∈ ℂ[α, α−1]ℓ

VΓ, Vc*

dimℂ(VΓ) = dimℂ(Vz*) = (−1)n ⋅ χ(X) .

Topological Euler 
characteristic                                                                                           

Theorem (Agostini, F., Sattelberger, Telen):
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f = ( f1, …, fℓ) ∈ ℂ[α, α−1]ℓ

VΓ, Vc*

dimℂ(VΓ) = dimℂ(Vz*) = (−1)n ⋅ χ(X) .

Topological Euler 
characteristic                                                                                           

Theorem (Agostini, F., Sattelberger, Telen):

Computing Euler characteristics
Theorem (Huh):            equals the number of critical points of 


for general 

|χ(X) |

L = log( f sαν) =
ℓ

∑
j=1

sj log fj +
n

∑
i=1

νi log αi

s, ν .
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Solving rational function equations using                                                                                            
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GKZ systems 
A =

⋮ ⋮ ⋯ ⋮
m1 m2 ⋯ ms
⋮ ⋮ ⋯ ⋮

∈ ℤn×s,

fA(α; z) = z1 αm1 + z2 αm2 + ⋯ + zs αms

rank(A) = n

zi ∈ ℂ

αmi = αm1i
1 ⋯αmni

n

α = (α1, …, αn)
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(ℓ = 1)



A =
⋮ ⋮ ⋯ ⋮

m1 m2 ⋯ ms
⋮ ⋮ ⋯ ⋮

∈ ℤn×s,

XA,z = (ℂ*)n∖V(ℂ*)n( fA(α; z)) = {α ∈ (ℂ*)n : fA(α; z) ≠ 0}

fA(α; z) = z1 αm1 + z2 αm2 + ⋯ + zs αms

rank(A) = n

zi ∈ ℂ

αmi = αm1i
1 ⋯αmni

n

α = (α1, …, αn)
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GKZ systems (ℓ = 1)



DA = ℂ[zα | α ∈ A]⟨∂mi
| mi ∈ A⟩Consider the Weyl algebra  

GKZ systems 
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Definition
IA := ⟨∂u − ∂v | u − v ∈ ker(A), u, v ∈ ℕA⟩ ◃ ℂ[∂mi

| mi ∈ A]

DA = ℂ[zα | α ∈ A]⟨∂mi
| mi ∈ A⟩Consider the Weyl algebra  

GKZ systems 
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Definition

θ := (θmi
)mi∈A and θmi

= cmi
∂mi

JA,κ := ⟨ (Aθ − κ)i, i = 1,…, n + ℓ ⟩,

IA := ⟨∂u − ∂v | u − v ∈ ker(A), u, v ∈ ℕA⟩ ◃ ℂ[∂mi
| mi ∈ A]

κ = (−ν, s)⊤ ∈ ℂn+ℓ

DA = ℂ[zα | α ∈ A]⟨∂mi
| mi ∈ A⟩Consider the Weyl algebra  

GKZ systems 

Let  

where  
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Example!!!



The dimension of the space of solutions of a     -ideal     on a simply connected domain      outside 

the singular locus               is equal to the holonomic rank of      

Theorem (Cauchy, Kovalevskaya, Kashiwara):

D I U
Sing(I) I .
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dimℂ(z)(R/RI)
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Theorem:

Let                be such that and let     be generic. For any simply connected domain                 outside the 
singular locus, we have that  

z* ∈ ℂA κ Uz* ∋ z*

dimℂ(Vz*) = dimℂ(z)(RA/(RA ⋅ HA(κ))) = |χ(XA,z*) | = vol(Newt( fA(α, z*)))
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The dimension of the space of solutions of a     -ideal     on a simply connected domain      outside 

the singular locus               is equal to the holonomic rank of      

Theorem (Cauchy, Kovalevskaya, Kashiwara):

D I U
Sing(I) I .

Sing(HA(κ)) = {EA(z) = 0}

For GKZ systems, we have  

Principal    -determinantA

Theorem:

Let                be such that and let     be generic. For any simply connected domain                 outside the 
singular locus, we have that  

z* ∈ ℂA κ Uz* ∋ z*

dimℂ(Vz*) = dimℂ(z)(RA/(RA ⋅ HA(κ))) = |χ(XA,z*) | = vol(Newt( fA(α, z*)))

11

dimℂ(z)(R/RI)



Principal Landau Determinants  



Example 
A = [0 1 0 1

0 0 1 1]
fA(α, z) = z1 + z2 α1 + z3 α2 + z4 α1α2

ΔA = det (z1 z2
z3 z4) = z1z4 − z2z3

A-discriminants 
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∇∘
A = {z ∈ ℂs : ∃α ∈ (ℂ*)n  s.t.  fA(α; z) = ∂α fA(α; z) = 0}

∂α = (∂α1
, …, ∂αn

)
∇A = ∇∘

ADefinition: The    -discriminant variety                    records values of     for which         is a singular                       
hypersurface. 

A

Example 
A = [0 1 0 1

0 0 1 1]
fA(α, z) = z1 + z2 α1 + z3 α2 + z4 α1α2

ΔA = det (z1 z2
z3 z4) = z1z4 − z2z3

z VA,z

A-discriminants 
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≠

Remark 

Computing 

A-discriminant

Specialising 
to parameter 
space

Computing

 A-discriminant 

Specialising 
to parameter 
space
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Landau.jl

≠

Remark 

Computing 

A-discriminant

Specialising 
to parameter 
space

Computing

 A-discriminant 

Specialising 
to parameter 
space
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( |χ(VA(ℰ)) | , vol(A(ℰ)))

VS volumeχ
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          EA = ∏
Q∈F(A)

ΔeQ
A∩Q

P := conv(A) ⊂ ℝn

PSet of faces of                  

A ∩ Q =
⋮ ⋮ ⋯ ⋮

m1 m2 ⋯ ms
⋮ ⋮ ⋯ ⋮

          

mi ∈ Q

eΓ ∈ ℕ

Principal A-determinant [GKZ]
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P := conv(A) ⊂ ℝn

Theorem (Amendola, Bliss, Burke, Gibbons, Helmer, Hoşten, Nash, Rodriguez, Smolkin, 2012):

Moreover, when                 , we have

|χ(VA,z*) | = vol(A) ⟺ z* ∈ ℂs ∖ {EA(z) = 0}

EA(z) = 0 |χ(VA,z) | < vol(A) .

Principal A-determinant [GKZ]
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EA = z1 ⋅ z2 ⋅ z3 ⋅ z4 ⋅

Example 
A = [0 1 0 1

0 0 1 1]

(z1z4 − z2z3)

fA(α, z) = z1 + z2 α1 + z3 α2 + z4 α1α2
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EA = z1 ⋅ z2 ⋅ z3 ⋅ z4 ⋅

Example 
A = [0 1 0 1

0 0 1 1]

≠

(z1z4 − z2z3)

Remark 

Computing principal 
A-determinant  

Specialising 
to parameter 
space

fA(α, z) = z1 + z2 α1 + z3 α2 + z4 α1α2

Computing principal 
A-determinant  

Specialising 
to parameter 
space
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EA = z1 ⋅ z2 ⋅ z3 ⋅ z4 ⋅

Example 
A = [0 1 0 1

0 0 1 1]

(z1z4 − z2z3)

fA(α, z) = z1 + z2 α1 + z3 α2 + z4 α1α2

Bjorken, Landau, Nakanishi ’54   
Klausen ’21 - Berghoff, Panzer ’22, - Dlapa, Helmer, Papathanasiou, Tellander ’23   

16

≠

Remark 

Computing principal 
A-determinant  

Specialising 
to parameter 
space

Computing principal 
A-determinant  

Specialising 
to parameter 
space



-discriminantsχ
Xz = {α ∈ (ℂ*)n : fi(α, z) ≠ 0, i = 1,…, ℓ}

ℰ = 𝒦

Vk(ℰ) = {z ∈ ℰ : |χ(Xz) | = k}Zk(ℰ) = {z ∈ ℰ : |χ(Xz) | ≤ k}
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χ
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Definition 

The    -discriminant variety of the family       of very affine varieties over      is the 
closed subvariety    

Zk(ℰ) = {z ∈ ℰ : |χ(Xz) | ≤ k}

Xz ℰ

∇χ(ℰ) = Zχ*−1(ℰ) = ℰ∖Vχ*(ℰ) ⊂ ℂs
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Example ℰ = ℂsIf and χ* = vol(A), then  Δχ(ℰ) = EA
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Principal Landau Determinants

YG,Q(ℰ) = {(α, z) ∈ (ℂ*)n × ℰ : 𝒢G,Q(α; z) = ∂α 𝒢G,Q(α; z) = 0} = ⋃
i∈I(G,Q)

Y(i)
G,Q(ℰ)YG,Q(ℰ) = {(α, z) ∈ (ℂ*)n × ℰ : 𝒢G,Q(α; z) = ∂α 𝒢G,Q(α; z) = 0} = ⋃

i∈I(G,Q)

Y(i)
G,Q(ℰ)
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YG,Q(ℰ) = {(α, z) ∈ (ℂ*)n × ℰ : 𝒢G,Q(α; z) = ∂α 𝒢G,Q(α; z) = 0} = ⋃
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G,Q(ℰ)
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Decompose into 
distinct, irreducible 
varieties 

Project down
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Principal Landau Determinants



Definition: The principal Landau determinant associated with     and     is the unique (up to scale) 
square-free polynomial                                   

ℰG

EG(ℰ) = ∏
Q∈F(A)

∏
i∈I(G,Q)1

Δ(i)
G,Q(ℰ) ∈ ℂ[ℰ]
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Symbolic and Numeric Algorithm:   PLD.jl in on 
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Symbolic and Numeric Algorithm:   PLD.jl in 

P = Newt(𝒢G)

on 
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Symbolic and Numeric Algorithm:   PLD.jl in 

Y = Y(1) ∪ ⋯ ∪ Y(5)

Parameter 
space 

(ℂ*)n × ℰ

P = Newt(𝒢G)
Discard dominant components

on 
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Output 
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Conjectures
PLDG(ℰ) ⊂ ∇χ(ℰ)

But we know    ∇χ(ℰ) ⊄ PLDG(ℰ)
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Conjectures
PLDG(ℰ) ⊂ ∇χ(ℰ)

But we know    ∇χ(ℰ) ⊄ PLDG(ℰ)

PLDG(ℰ) ⊂ ∇χ(ℰ) = Sing(HA(κ, ℰ))
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Thank you! 


