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Introduction: Rough Sketch of the main theorem 
Riemann-Hilbert correspondence (Deligne-Malgrange)

RH : !"#(ℂ,0) ∼ &'()"*(S1), (M, ∇) ↦ (ℋ0D̃R(M), ℋ0DR⩽∙(M))
Germ of  
merom. conn.

Stokes filtered 
loc. sys. on S1

cohomology of  
de Rham complex

Main theorem gives a mild difference analog of this theorem.

Real oriented blow up
ℂ̃ := {(z, eiθ) ∈ ℂ × S1 ∣ z = |z |eiθ}

ϖ ℂ, ϖ(z, eiθ) = z ϖ
4



Difference modules 

Definition
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•  : Field of convergent Laurent series.  

•  : Automorphism of fields defined as . 

K = ℂ{t}[t−1]

ϕ : K → K ϕ( f )(t) = f ( t
1 + t ), f ∈ K

A difference module (over ) is a pair  of (K, ϕ) ℳ = (ℳ, ψ)

• a finite dimensional -vector space , and  
• an automorphism  such that  for .

K ℳ
ψ : ℳ → ℳ ψ( fv) = ϕ( f )ψ(v) f ∈ K, v ∈ ℳ

Remark Set . Then we have .s = t−1 ϕ( f )(s) = f (s + 1), f ∈ K

∞

0



Examples of difference modules 

s = t−1

Regular singular modules
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ℛG := (K⊕r, ψG), ψG := (1 + t)Gϕ⊕r .

Exponential modules

Take a matrix  and setG ∈ End(ℂr)

A difference module formally isomorphic to  is called regular singular. ℛG

Take  and set  and d ∈ ℤ, c ∈ ℂ :(s) = ds log s + cs

ℰ: := (K, ψ:), ψ: := exp(:(s + 1) − :(s))ϕ .

Remark We have .exp(:(s + 1) − :(s)) ∈ K = ℂ({t})

…
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 is called mild if we have  for every ℳ dk = 0 k = 1,…, ℓ .

where ,  , and Gk ∈ End(ℂrk) :k = dks log s + ∑
m

j=1
cj,k s

j
m (dk ∈ m−1ℤ, cj,k ∈ ℂ)

Mild difference modules  

Formal decomposition theorem

• : Field of formal Laurent series with . ̂K m := ℂ((t1/m)) ̂ϕ m(t1/m) = t1/m(1 + t)−1/m

ℳ ⊗K ̂K m ≃
ℓ

⨁
k=1

̂ℰ :k ⊗K ℛGk

 difference module ,  such that∀ ℳ ∃m ∈ ℤ>0

̂ℰ :k = ( ̂K m, ̂ψ :k
), ̂ψ :k

= exp(:k(s + 1) − :k(s)) ̂ϕ m .
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Stokes filtered locally free sheaves 1 
Sheaf of rings on a circle

Definition

@⩽0
per(U) =

ℂ{u−1} (U ⊂ (0,π))
ℂ{u} (U ⊂ (−π,0))
ℂ (U ∩ {±1} ≠ ∅)

,  which defines a sheaf of rings on S1 .

For a connected open subset , we setU ⊂ S1

We then set  , which is also a sheaf of rings on .@per := ∑
n∈ℤ

un@⩽0
per ⊂ ℂ[[u, u−1]]S1 S1

8

For , set .a < b (a, b) := {eiθ ∈ S1 ∣ a < θ < b}

Remark We will regard u as exp(2πis) .



9

Stokes filtered locally free sheaves 2 
Sheaf of ordered set of indexes

Definition

 ℐ(U) = : ∈ ı̃−1'̃*Fℂ*(U) :(s) =
m

∑
j=1

cjs
j
m, cj ∈ ℂ, m ∈ ℤ>0

For a connected open subset , we setU ⊂ S1

 : natural inclusions.  : sheaf of holomorphic functions.ı̃ : S1 ↪ ℂ̃ ↩ ℂ*: '̃ Fℂ*

ı̃ '̃
where we fix a branch of  . log s and hence s 1

m = exp(m−1 log s)

We define the order    on  by <U ( ⩽U ) ℐ(U)

ı̃ : S1 ↪ ℂ̃ ↩ ℂ*: '̃

: <U I (: ⩽U I) ⇔ (: = I or )
Re[:(s)] < Re[I(s)] for |s | ≫ 0, − arg(s) ∈ U .

stin
.

⑦
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Stokes filtered locally free sheaves 3 
Stokes filtrations

Definition Let  be an -module.  A pre-Stokes filtration on  is a familyℒ @per ℒ
{ℒ⩽: ⊂ ℒ|U ∣ U ⊂ S1, : ∈ ℐ(U)} of -submodules s.t.  @⩽0

per

A pre-Stokes filtration on a locally free -module is called a Stokes filtration if

 s.t.  

@per

∀x ∈ S1, ∃U ⊂ S1

• If  for , , then  .   

• If  for  then .  

• For  and , we have the equality .

:|V = I V ⊂ U : ∈ ℐ(U),and I ∈ ℐ ℒ⩽:|U = ℒ⩽I

: ⩽U I :, I ∈ ℐ(U), ℒ⩽: ⊂ ℒ⩽I

n ∈ ℤ : ∈ ℐ(U) unℒ⩽: = ℒ⩽:+2πins

 .ℒ<: = ∑
I<U:

ℒ⩽I, gr:(ℒ) = ℒ⩽:/ℒ<:, gr(ℒ)|U = ⨁
:∈ℐ(U)

gr:(ℒ)

∃η : gr(ℒ) ⊗ℂ[u,u−1] @per|U
∼ ℒ|U with .gr(η) = id

u = exp(2πis)



De Rham functors 
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•  

• : moderate growth functions. 
• : rapid decay functions.

F̃ = ı̃−1'̃*Fℂ*, ϕ̃ ( f )(t) = f(t(1 + t)−1) .

@⩽0 ⊂ F̃

@<0 ⊂ F̃

ı̃ '̃

ı̃ : S1 ↪ ℂ̃ ↩ ℂ*: '̃

Definition For a mild difference module , we define complexes ℳ = (ℳ, ψ)

•  , 

• , and .

D̃R(ℳ) = [ F̃ ⊗ ℳS1
ψ̃ −id F̃ ⊗ ℳS1]

DR⩽0(ℳ) = [@⩽0 ⊗ ℳS1
ψ̃ −id @⩽0 ⊗ ℳS1] DR<0(ℳ) = [@<0 ⊗ ℳS1

ψ̃ −id @<0 ⊗ ℳS1]

degree 0 and 1

Theorem (S) ℋi(DR⩽0(ℳ)) = ℋi(DR<0(ℳ)) = 0 (i ≠ 0). .If  is mild, ℳ



Main theorem 
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Theorem (S. arXiv: 2212.10753)

For : open, we set . : ∈ ℐ(U), U ⊂ S1 DR⩽:(ℳ) = [e:@⩽0
|U ⊗ ℳU

ψ̃ −id e:@⩽0
|U ⊗ ℳU]

There exists a unique -submodule  such that  @per Per(ℳ) ⊂ ℋ0D̃R(ℳ)

Per(ℳ)|U = ∑
:∈ℐ(U)

ℋ0DR⩽:(ℳ) .

• The pair  is a Stokes filtered -module.  

• The correspondence  is an equivalence of categories. 

RH(ℳ) := (Per(ℳ), ℋ0DR⩽∙(ℳ)) @per

RH : MNOOPmild → &'(@per)

Let  be a mild difference module. ℳ

cat. of mild  
difference mod.

cat. of Stokes  
filtered -mod.@per

C DO (DR
～

(µ ))
t

ワーー



Rank one examples and Gamma functions 
Theorem (S) Per(K, ϕ) = @per,  where K = Ft(*0) = ℂ{t}[t−1] .

Remark Concerning the ‘wild Stokes filtration’ with ‘ ’ cause a problem.⩽U s log s

Regular singular modules Take  and set α ∈ ℂ∖ℤ ℬα := (K, (1 + αt)ϕ) .

Per(ℬα)|U = {
@per|UΓ(s)/Γ(s + α) (eπi ∉ U),
@per|U(1 − u)Γ(s)/(1 − e2πiαu)Γ(s + α) (e0 ∉ U) .

Twisted Gamma module Set ℰΓ = (K, ψΓ), ψΓ = exp(T(s + 1) − T(s))tϕ, T(s) = s log s .

Per(ℰΓ)|U = {
@per|Us−sΓ(s) (eiπ ∉ U),
@per|U(1 − u)s−sΓ(s) (e0 ∉ U) .
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Riemann-Hilbert correspondence 
 in wild case

Definition

 ℐwild(U) = : ∈ ı̃−1'̃*Fℂ*(U) :(s) = ℓ
m

s log s+
m

∑
j=1

cjs
j
m, cj ∈ ℂ, m ∈ ℤ>0, ℓ ∈ ℤ

For a connected open subset , we setU ⊂ S1

where we fix a branch of  . log s and hence s 1
m = exp(m−1 log s)

Conjecture There exists an equivalence of categories:

RH: MNOOP ∼⟶ &'wild(@per)
cat. of wild Stokes  
filtered -mod.@per

cat. of any   
difference mod.

Replacing  with  ,  
We define wild version of  

Stokes structure 

ℐ ℐwild

e
u
u

R か
Kev ($ : 2 -、2)

Q
～

ヘ @ = Aper
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CAper
Kev( $ : δ
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Motivation/Expected applications 
Mellin transformations

15

• Main result 

• Motivations/Expected applications 

•  Mellin transformation



Algebraic Mellin transformation 
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Theorem(Lopez, arXiv:1804.09776v3) For a holonomic -module , we haveVWm
X

Y(X) ⊗ℂ[s] ℂ((s−1)) ≃ ⨁
⋆∈Sing(X)∪{0,∞}

Y⋆,∞(X) .
local Mellin trans.

• For a regular holonomic -module ,  is mild.  VWm
X Y(X)∞ := K ⊗ℂ[s] Y(X)

Question Can we describe  in terms of ?RH(Y(X)∞) DR(X)
perverse sheaf

0

<latexit sha1_base64="uqrgTkrCWSMkHsd0P2I8h2a1nnc="></latexit>

VWm
= ℂ[x, x−1]⟨x∂x⟩ ≃ Y = ℂ[s]⟨ϕ, ϕ−1⟩

x ⇆ ϕ
x∂x ⇆ − s

For -module , we set VWm
X

Isomorphism of rings:

Y(X) := Y ⊗V X

凸 ^

刀
～

e Stokes fi'(Tenee Aren??



Stokes structure of Mellin transformations 
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Question Can we describe  in terms of  or ?RH(Y(X)∞) DR(X) Sol(X)

Assume  is an algebraic connection on , . X = (E, ∇) U = Wm∖S S = {s1, …, sℓ}

Integral presentation of solutions of :Y(X)

Example

Γξ(s) = ∑
j

e2πisnj ∫σj

⟨v, εj⟩xs dx
x

ξ ∼ ∑
j

σj ⊗ εj ⊗ e2πisnj ∈ H1(Uan, ℰ∨ ⊗ xs), v ⊗ dx
x

∈ E ⊗ Ω1
U

f : ℙ1
y → ℙ1

x, x = f(y) = 1 − y2 . f ∘ : C∘ = ℙ1∖{0,1, − 1,∞} → U = ℙ1
x∖{0,1,∞} .

Notations are taken from  
Bloch-Vlasenko (last slide)

f ∘
*FC∘ = FU ⊕ FU[y] ⊃ FU[y] =: E, ∇[y] = − 2−1(1 − x)−1[y]dx, X = (E, ∇) .

Y(X)∞ ≃ ℬ3/2 .
Γξ(s) = ∫σ1σ0σ1σ−1

0

(1 − x)1/2xs dx
x

= 2(1 − e2πis) Γ(s)Γ(3/2)
Γ(s + 3/2) . σ0 σ1

0 1



An approach to the question 
Example FU[y] =: E, ∇[y] = − 2−1(1 − x)−1[y]dx, X = (E, ∇) .

Y(X)∞ ≃ ℬ3/2 .
Γξ(s) = ∫σ1σ0σ1σ−1

0

(1 − x)1/2xs dx
x

= 2(1 − e2πis) Γ(s)Γ(3/2)
Γ(s + 3/2) . σ0 σ1

Regular singular modules Take  and set α ∈ ℂ∖ℤ ℬα := (K, (1 + αt)ϕ) .

Per(ℬα)|U = {
@per|UΓ(s)/Γ(s + α) (eπi ∉ U),
@per|U(1 − u)Γ(s)/(1 − e2πiαu)Γ(s + α) (e0 ∉ U) .

To give a section with good asymptotic behavior, we take ‘rapid decay’ paths:

σ
σ′ 

∞
Γ(s)/Γ(s + 3/2)

= (constant)∫σ
(1 − x)1/2xs dx

x
Re(s) ≫ 0

(1 − u)Γ(s)/(1 + u)Γ(s + 3/2)

= (constant)∫σ′ 

(1 − x)1/2xs dx
x

Re(s) ≪ 0



Motivic Gamma functions 
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Recently, there appear interesting studies on Mellin transformations:

Spencer Bloch, Masha Vlasenko. “Gamma functions, monodromy and Frobenius constants.” 
Communications in Number Theory and Physics 15 (2021), no. 1, 91–147

Golyshev, Vasily V., and Don Zagier. “Proof of the gamma conjecture for Fano 3-folds of Picard rank 1.” 
Izvestiya: Mathematics 80.1 (2016): 24.

 Higher Frobenius limits: beyond the gamma conjecture.§2.4.

sr

(1 − e−2πis)r−d Γξ0
(s) =

∞

∑
n=d

κnsn

Frobenius constants  
are periods.motivic Gamma function

etc.Of :y-, Co
Oyff t "


