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⑤I Geometry ofthemodulispace of
Calabi -You threefolds

7:* + Manversal family ofsmooth proj
Calabi-Yau 3 folds offixed differmoplane type.
CR7x1, 79, 0) polarized VHS witha
canonical flatconnection 7.

2 =73 - M holon. The boll. (Hodge bundle)
M carries the structureofa projective
specialKahler manifold.
Sections of1:nowhere vanishing holon.

3 form I

ARbilinearrelation ex

See,I):= i)ent herition metic onL
view - as

a local fatonM.

e
-K
=(r,) define a Kahler metric

onM gij=&idjK. Weit-Peterssonmetric
Kodaira-Spencer theory -> T,M =H(Xs)
=>basis for H2(Xs:Xi=ek/2(oi-
=>

gij
=-i [Xi,j)



$2 Attractorpoints
Physics:N =2 supergravity on IR" with -
22"(X) rector multiplets, parametricingM
Scalar fields in thevectormultiplets e
define a now linear a model z:R13-M

Supersymmetric, staticspherically symmetric
black hole solutions characterized by
electric, magnetic dage J Hs(X,2)

2

mass:m =(z(riz)/2
where (vjz) :=elle Sch

D-brane central charge function
(function on t

Fernance, Kallosh, Strounger 195
There is a gradientflow on it,
called attracterflow,
Monz"=-g"5j log(z(viz(u)
Thefixed pointszx ofthis flow are
called attracterpoints.



$3 Hodge - theoretic formulation
Item (More' 98)

12 (viz)/has stationary pointatz=zx(y)ch
withEly,zx)O S (*)

PD(U) =>H3,(X=x) *Hi(Xza)eHX*
If zx(0) exists in theinterior of it, then

itis a local minimum of12 (r,z)12.

Interpretation of(x)

vz
=H30(X=)*HY(Xa) complex plane

in H*/X,e)

Ve,R = V=H(X,R) real plane
in H5(X, 1R)

1z
=V=, 1(3(X,x)

Defi z artt is an attractor pointof
raul (or 2 if rauk 1z=1 or 2.

Rank & attracter points are rave:
Firstnon-trivial example:
Candelas- de la Ossa-Elmi-von Straten (2019)



Simplifying assumption, h"(X)= 1.

1zxk =H4°(X2) * Hi(Xz)

12
+a =H2(X-)* H"(Xz)

12 + 1z
+H(X,2) offinite index

=>HYX,k) =12,a*-
Hi

H:Its ofweight 3, type (1,0,0,1)
->Is ofa rigid CT 3-fold

H2:AS ofweight 3, type (0,111,0)

H2*Q():" "1, type (1,1)
=>Its ofan elliptic curve



54Interlude:Modularity ofelliptic curves

1) The (Wiles
-Taylor et al.)

EIQ elliptic are is nochular:
If=Sz(To(N)) Hecke eigenfarm
N conductor ofEs.t. ((E,s) = ((f,s)

E(k) =41, 1 =e) f(z)dz
H,(Xo(N),2)

modular parametrication
Xo(N) -> E
TtT 1> Pe = (fide mod 11
a re O

Manin:11- Raft *RwI
roftare periods of 7.

2) Let 3 - Xo(N) be auniversal family
ofall, cerves with cyclic subgroup of
order N

I special pts [t] =YoIN), Hecquer
points, atwhich EndkETT *I



( +Q(E),D>0,j(t)e
2) Ynumber field, E/ elliptic ame
Assume E has CM by Op of KCL
them L(E/,s) =(,4) 2 (s,TE,2)
4E/ Hecke Grossen caracter.

Modularityofrigid CY 3 folds (his =0)

Ihm: (Gouver, ThisDiculefait)
LetX/* be a rigid smoothproj
CY 3fold. Then X is modular, i.e.

FN, f-Sp(Yo(ND) sit.

L(X,s) =((f,s).



55 Arithmetic properties ofattractorpoints
For simplicity his=1

Conjective (Dengue,GysheuFagerede
letit be the period mahib of fix-M
in an integral sympleatic basis.
Letto be the period matrix of X2x
Letix =Mx 4x

Then I N,N2, ftSy/Po/N,))
geSz(To(N2))

and a device ofbasisofHYX,2) s.t.

WetI

My ==
hE oggC 0 I
Ta

I
where ofare periods ofts yftare

the

quasiperiodsofawesomehe porter
of the

L(Xx,s) =L(f,s)((g,s)



56 Examples
Consider hypergeomatic families ofCT3-folds
Assume X has 3 regular singularities
M =4=30,1,0), t =p'
Ihm:(Doran, Mergem)
=14 Q-VAS ofHodge type (1, 1, 1, 1)

3

Sit. (To-1)* =0 , (To -1) *O
(T, - 1)

2
=0,(T, - 1) =0

Tz:local mozodoomy ofDaround z-M
TT =0 ms hypergeometric diff-eq.u. (4Fs)
(0" - z,(0 -xi) n =0,0 =zz
2 local parameter near Ot.
Famousexample:(Candelas, de lo Passon, Gles'91)
di
=

E,i
=1,2,3,4.

Conjecture (Bonisch, Klann, S, zagier)
x
=(4,5,5,),z =2

-

433,N, =180,Ne=36
x
=(5553),z=2

-33
-

,N, =N2 =54

Then the conjecture holds with explicitly
given f, F, g, G.
Evidence:Numerially verified to very

high precision (-100s ofdigits)




