Lecture 2
Graded symplectic geometry and the HMS framework

Umut Varolgiines
Mini lecture series, Kyoto University

1 Plan for the lectures

In Lecture 1 we discussed Floer theory on surfaces, the wrapped category of T*S!, and the
HMS statements for the cylinder and the two-torus. This lecture supplies the geometric
language needed in higher dimensions: graded symplectic manifolds, Liouville and Weinstein
geometry, the symplectic structures associated to Calabi—Yau and log Calabi—Yau varieties,
and large volume limit data. We then state the corresponding versions of HMS and discuss
some examples in dimensions two and three.

We will name the relevant Fukaya categories without constructing them today. Lecture 3 will
return to Lagrangian Floer theory, its absolute, wrapped, and relative versions, and then to
Floer theory and Fukaya categories with support.

2 Graded symplectic geometry

2.1 Symplectic manifolds and Lagrangians

A symplectic manifold is a smooth manifold M?" with a closed, nondegenerate two-form w.
Nondegeneracy means that v — w(v, —) is an isomorphism T, M — TxM at every point. A
symplectomorphism ¢ : (Mg, wy) — (M1,w1) is a diffecomorphism with ¢*w; = wp.

A submanifold L C M is Lagrangian if
dim L = n, w|rr = 0.

We may also consider Lagrangian immersions ¢ : L — M, requiring (*w = 0. Tangent-plane
and brane data are then placed on the domain of the immersion, as in Lecture 1.

For a symplectic vector space (V,w), its Lagrangian Grassmannian Lag(V') is the space of
Lagrangian subspaces of V. After choosing a compatible complex structure and a unitary
basis it is U(n)/O(n). These spaces form a bundle

Lag(TM) — M.

A Lagrangian immersion determines its Gauss map x — di(T,, L) into this bundle. A Lagrangian
polarization is a section of the same bundle, namely a Lagrangian plane field on M.
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2.2 The grading structure

Choose a compatible almost complex structure J: thus g(v,w) = w(v, Jw) is a Riemannian
metric. Its space of choices is contractible. Write T7M for the complex dual of (T'M, J) and
Ky = ART7M for its complex determinant line bundle. To keep the orientation convention
from Lecture 1, we choose a nowhere-zero smooth section 2 of Kj;, up to homotopy. In a
complex Calabi—Yau example, €} can be holomorphic.

For a Lagrangian plane £ C T, M and any real basis v1, ..., v, of £, define its squared phase by
Qvy, ..., vp,)? 1

all) = es. 1

) 1Qv1, ... v,)]? (1)

This is independent of the basis, including its orientation. Pulling back R — S, a ~— 2™,

gives the Maslov cover - A
Lag(TM) = {(£,a) : ¥ = a(0)}.

More generally, a trivialization of K?f suffices to define this cover, so 2¢;(M) = 0 is the
relevant obstruction to that choice. Our choice of € is stronger and also gives the orientation
convention below.

A polarization 7 can also be used to define a grading structure [1, Examples 2.9-2.10]. Directly,
define

Lag,(T.M) = {(£,[1]) : 7(0) = ns, ¥(1) = £},

where v is a path in Lag(7, M) and homotopies fix its endpoints. Since m1(U(n)/O(n)) = Z,
this is the universal cover of each fiber, with deck transformations indexed by Z. These covers
form a bundle over M, and a grading of a Lagrangian is a lift of its Gauss map to this bundle.
The constant paths give n a distinguished lift. If n is oriented, it determines a homotopy class
of volume forms 2 positive on n; the two constructions then agree. The path construction
itself does not require 7 to be oriented.

2.3 Maslov zero and graded Lagrangians
For a Lagrangian L, the phase map is ap(z) = a(T,L). Its class
pr = apldd) € HY(L;Z),  S'=R/Z,

is the Maslov class relative to the grading structure. A grading is a continuous lift ay, : L — R
with e?™@L = o . Such a lift exists exactly when 7, = 0. Thus Maslov zero is a condition,
while a grading is a choice; on a connected L the choices form a Z-torsor.

The grading orients L by declaring a basis positive when
e_maL(x)Q(vl, sy ) > 0.

The expression is real and nonzero by (1). Changing az by an odd integer reverses this
orientation. In dimension one, normalize {2 to be positive on the oriented line field . Then
ar, is the lifted tangent angle in units of 7, exactly as in Lecture 1. For transverse curves the
degree remains |z| = [ar, (z) —ar,(2)].
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2.4 Spin structures and brane data

We use the orientation induced by the grading. A spin structure on an oriented n-manifold L is
a lift of its oriented orthonormal frame bundle from SO(n) to its double cover Spin(n). Thus
it is a principal Spin(n)-bundle Pgpi, with an equivariant map to the frame bundle inducing

Pspin/ {21} = Pso(TL).

The choice of metric does not matter. A spin structure exists exactly when the second
Stiefel-Whitney class vanishes:

wy(TL) =0 € H*(L;Z/)2).

When it exists, its isomorphism classes form a torsor for H'(L;Z/2): after choosing one
structure s, every other one is uniquely s + € for some € € H'(L;Z/2) [2]. A grading does not
supply a spin structure, and ¢1(M) = 0 does not in general imply wy(TL) = 0.

For S! there are two spin structures. The bounding one extends over the disk; the nonbounding
one does not. In the double-cover description these are the connected and disconnected covers
of S1, respectively. A torus 7" has 2" spin structures, while R” has a unique one up to
isomorphism. Thus the torus fibers and cotangent fibers appearing in these lectures are spin.

Why this enters Floer theory. Spin structures provide coherent orientations of the
determinant lines of the linearized Cauchy—Riemann operators. Together with the usual
orientation-line conventions for generators, these determine the signs of rigid strips and
polygons, compatibly with gluing. They are therefore part of the data for the signed Floer
constructions over Z and characteristic-zero coefficients. In characteristic two these signs
disappear; see [3, §§1.2, 2.4]. For an immersed Lagrangian the spin structure, like the grading
and local system, is placed on its domain.

Changing s to s + € changes the sign of a disk in class 8 € mo(M, L) by
(—1){98)

This is also the holonomy of the rank-one sign local system £, with holy, (7) = (—1){0D,
Accordingly, after identifying the generator orientation lines, changing the spin structure has
the same effect on Floer operations as replacing a local system E by F ® £.. On a circle this
multiplies its holonomy by —1, explaining the spin/local-system convention used in Lecture 1.

More generally, one may fix a background class b € H?(M;7Z/2) and use Lagrangians satisfying
wo(TL) = 1*b, equipped with relative spin structures. These are additional choices, not merely
the equality of characteristic classes; see [4, §3] for the definition and the orientation-change
formula. In the spin setup used here we take b = 0 and choose ordinary spin structures. Our
brane data thus include a grading, a spin structure, and a local system, together with any
required unobstructedness data.

3 Liouville and Weinstein geometry

3.1 Liouville manifolds, subdomains, and skeleta
Let w = d)\. The Liouwville vector field Z is defined by

Lzw = A.
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Cartan’s formula gives Lzw = w and LzA = A. A Liouville manifold is a manifold X
equipped with such a form A, for which Z is complete. The finite-type manifolds used here are
completions of compact Liouville domains, with cylindrical ends as described below.

A Liouville subdomain Wy C X is a compact codimension-zero submanifold, possibly with
corners, on whose boundary faces Z points outward. Its completion is canonically embedded
in X by continuing the Liouville flow; its image is

I//[\/[) = U qth(IIlt Wy) C X.
>0
One may round the corners to obtain a smooth boundary.
For a finite-type manifold we can choose Wy so that its completion is all of X. On the end,
Liouville flow gives coordinates [0,00) X Y, where Y = W), in which

A=¢"a, a= My, Z = 0O,.

Here « is a contact form on Y.

The skeleton consists of the points that do not escape under positive Liouville flow:
Skel(X,\) = {z € X : {¢4(x) : t > 0} is relatively compact}.

For a Liouville domain Wy, its skeleton is ;> ¢, (Wo).

3.2 The Weinstein condition

A Lyapunov function for a Liouville structure is an exhausting smooth function ¢ for which Z
is gradient-like: for some Riemannian metric and a positive function ¢,

de(Z) = 6(1Z” + |del?).

If a Liouville structure admits a Morse Lyapunov function, it is called Weinstein. In the
finite-type case ¢ has only finitely many critical points. Their stable manifolds are isotropic,
so their Morse indices are at most n, and their union is the skeleton. See [6, §§1.1, 3.1].

For closed @), the tautological form A = pdq gives a Liouville structure on 7*Q. To write
down a Morse Lyapunov function, choose a Riemannian metric on ) and a Morse function
f:Q —R. Set

1
H(q.p) =p(VF(@),  Ae=A—cdH,  ¢lq.p) =P +ef(0).
Here d\. = dX. In the horizontal-vertical splitting from the metric, its Liouville field is

Ze = (eVf, p—e(V3f)'p),

and
doc(Ze) = |p|* — eHess f(p, p*) + €2|df |*.

For sufficiently small € > 0 this satisfies the gradient-like inequality. The function . is
exhausting and Morse, with critical points (¢,0) for ¢ € Crit(f), and Z, is complete. This
gives the desired Weinstein perturbation. The path \; = A — tedH is outward pointing on
a fixed sphere bundle for all ¢ € [0,1]. Thus it gives a Liouville deformation as in §3.4; the
perturbation preserves the strongly exact symplectomorphism type of T*Q).
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3.3 Exactness and conicity

A Lagrangian immersion is exact if

U\ = dfy.

The function f7, is its primitive. A proper Lagrangian is conical at infinity if it is invariant under
the Liouville flow outside a compact set. On a cylindrical end it is of the form [rg, 00) x A,
where A is Legendrian in the contact boundary.

Indeed, if Z is tangent to L, then A|pp = w(Z,—)|rr = 0. Consequently an exact conical
Lagrangian has a primitive constant on each end. Different ends may have different constants.

We call a symplectomorphism strongly exact if
O 1 — N\ = dF, F € C(Xy). (2)

Thus it preserves the Liouville forms near infinity. The map ¢ itself need not be compactly
supported. Requiring a compactly supported primitive F' is part of this definition.

3.4 Liouville deformation equivalence

For the finite-type manifolds in these lectures, we define deformations using compact domains.
A Liouville deformation on a fixed compact manifold W with boundary is a smooth family of
one-forms Ay, 0 < ¢t <1, such that d); is symplectic and its Liouville field Z; points strictly
outward along OW for every t. The symplectic form is allowed to vary.

Two finite-type Liouville manifolds are deformation equivalent if they are the completions of the
endpoints of such a family, allowing identifications by diffeomorphisms and finite concatenations
of families. Using the Liouville collars to identify the completions, we obtain a family on one
open manifold with a common end

[0,00) X Y, At = €'y,

where a; is a smooth family of contact forms on the compact manifold Y. This control at
infinity is part of the definition: pointwise completeness of a family of Liouville fields alone
does not supply it.

The Moser argument. Deformation-equivalent finite-type Liouville manifolds are strongly
exact symplectomorphic. Here is the argument on the identified completions. Define the
time-dependent vector field V; by

widhe = =N
On the cylindrical end, both sides scale by e”, so V; is translation invariant in r. Its coefficients
are uniformly bounded on [0, 1] x Y; consequently its flow ®; exists throughout 0 < ¢ < 1.
Moreover, on the end, ‘

M(Vi) = A (D, Vi) = Mi(0)) = 0.

Cartan’s formula now gives

d

@ = L0+ i + d(M (V) = d(®F (M (V)))

Integrating, we obtain

1
DN - N—dF. F= [ @{(n(W)dt € C(X). (3)
0
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Indeed, the integrand vanishes sufficiently far out, uniformly in ¢, and the flow has bounded
radial displacement there. Thus the function F has compact support, as required in (2).
Differentiating (3) also gives ®7dA; = dXg. This is the finite-type Liouville version of Moser
stability; see also [7, §11.2].

What this preserves. If \o|r = dfr, then the primitive on ®;(L), pulled back to L, is
fr + F|r. Near infinity ®; preserves the Liouville forms and intertwines their Liouville fields,
so conical Lagrangians remain conical. Gradings and the other brane data can be transported
along the deformation. The skeleton can change during a deformation; it need not be carried
to the new skeleton by ®;.

This principle justifies changing the cotangent bundle perturbation in §3.2, rounding a Liouville
boundary, and moving a truncation boundary through the cylindrical end. Below we also use
it to remove auxiliary choices in the affine and ray diagram constructions, after producing the
required Liouville deformation.

4 Symplectic geometry from algebraic geometry

4.1 Smooth affine varieties

Let X be a smooth affine variety over C. Choose a closed algebraic embedding X < CV and
restrict

1 N
p = 4;’%!2, A=—dpod,  w=dA

After a small Morse perturbation and completion of a sufficiently large regular sublevel, the
associated Weinstein manifold is well-defined up to strongly exact symplectomorphism [5,
§4b]. The geometric input is that the choices of algebraic embedding and exhaustion give
deformation-equivalent Liouville domains. The Moser argument in §3.4 then gives the strongly
exact identification of their completions.

If Kx is trivial, choose a nowhere-zero algebraic volume form 2. Together with the Kéhler
structure it gives the grading data from Section 2. The form §2, or its homotopy class, is part
of the data when the grading matters.

4.2 Log Calabi—Yau pairs and their boundary complexes

The log Calabi-Yau pairs used here are smooth projective pairs (X, Dy ) with reduced simple
normal crossing boundary

7

Equivalently, there is a meromorphic volume form with a simple pole along each boundary
component and no other zeros or poles. On X = X\ D, it becomes a nowhere-zero holomorphic
volume form. We will mainly use examples in which X is affine. Affineness and the log Calabi—-
Yau condition are separate requirements. Thus an affine log Calabi—Yau variety determines a
graded Weinstein manifold.

The dual intersection complexr of Do, records its strata: a vertex for each component, an edge
for each connected component of a double intersection, and a k-simplex for each connected
component of an intersection of k+ 1 distinct components. The face maps come from inclusions
of strata. We call the boundary mazimally degenerate if this complex has dimension dim¢ X —1.
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Theorem 4.1 (Independence of compactification). Suppose X admits two smooth projective log
Calabi-Yau compactifications (X1, Doo 1) and (X2, Deo2) with reduced simple normal crossing
boundaries. Their dual intersection complexes are PL-homeomorphic. In particular, the
underlying topological space and its dimension are independent of the compactification.

This follows from the invariance of the dual complex under crepant birational maps [8,
Proposition 11].

Is the dual complex a manifold? For maximally degenerate smooth log Calabi—Yau
pairs in complex dimensions two and three, it is respectively S' and S? [26, §33]. More
generally, under our simple normal crossing hypotheses the maximally degenerate dual complex
is homeomorphic to S”~! for n < 5. Without maximal degeneration, even a boundary can
occur: two transverse smooth quadrics in P? form an anticanonical divisor with dual complex
an interval. A smooth connected anticanonical divisor gives a point. In arbitrary dimension a
log Calabi-Yau dual complex need not be a manifold, even allowing boundary.!

For a smooth projective toric variety and its toric boundary, the complement is (C*)"™, with
volume form J J
z z
0= it SN A

zZ1 Zn

The dual complex is an (n — 1)-sphere.

Definition 4.2 (Generalized toric model). Let X be an affine log Calabi—Yau variety of
complex dimension n. A generalized toric model of X is a presentation X =Y \ D obtained
as follows:

(i) Start with a smooth projective toric n-fold Yy and its toric boundary Dy.

(i) Deform Dy within the anticanonical linear system to a reduced simple normal crossing
divisor D1, allowing some of the boundary crossings to be smoothed.

(iii) Perform a sequence of blowups along smooth codimension-two centers. At each step the
center lies in one boundary component, is not contained in any other component, and
meets the remaining boundary with normal crossings. Use the strict transform of the
boundary after each blowup, obtaining (Y, D).

The choices and sequence of operations are part of the model. If step (ii) is omitted, we call it
a toric model.

Exercise 3 (a log Calabi—Yau modification). Let (X, D) be a smooth log Calabi-Yau
pair and let Z C D; be a smooth codimension-two center, not contained in any other boundary
component and meeting the remaining boundary with normal crossings. Blow up Z, with
exceptional divisor F, and use only the strict transform Deo as the new boundary. Prove

K5+ Doo = 7" (K5 + Dao),

and hence that X \ D4 is log Calabi-Yau.

For all exercises: You are welcome to use the literature, but the writeup and explanations
must be your own.

'For a non-affine example, let E be an elliptic curve and 7 # 0 a point of order two. On (P')® x E let g
invert the first four P! coordinates, fix the fifth, and translate E by 7. The quotient is smooth projective and
the image of the toric boundary times E is simple normal crossing. The logarithmic volume form is g-invariant,
so the pair is log Calabi-Yau. Its dual complex is S*/diag(—1,—1,—1,—1,1) = Susp(RP?), which is not a
manifold at its two suspension points. This pair is not maximally degenerate.
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4.3 Compact Kihler manifolds and adjunction

A compact complex manifold together with a Kéhler class determines a symplectic manifold up
to symplectomorphism. Indeed, if wy and w; represent the same class, then w; = (1 —t)wp + tw;
is a path of cohomologous Kéhler forms, and Moser’s argument supplies a symplectomorphism.
Every smooth complex submanifold inherits a Kéhler form. A general real Kéhler class need
not be integral. If the class is integral, it is the first Chern class of a positive line bundle, and
Kodaira’s embedding theorem makes the compact complex manifold projective.

The toric case. A compact symplectic toric manifold of real dimension 2n carries an effective
Hamiltonian action of T™. Its moment map p : M — t* records the Hamiltonians of the
circle subgroups; its image is a Delzant polytope P. This means that exactly n facets meet at
each vertex and their primitive integral inward normals form a basis of the torus lattice. The
inverse image of a point in the interior is a Lagrangian n-torus. Over the relative interior of a
codimension-k face, k circle directions collapse, leaving an (n — k)-torus; vertices therefore
correspond to fixed points. The inverse image of an edge is a symplectic two-sphere, and its
area is the integral affine length of that edge, when circle parameters have period one. Thus
the polytope records both the orbit strata and the symplectic areas. For an integral Kéahler
class, choose the additive normalization of u so that the vertices lie in the character lattice; P
is then a lattice polytope.

Adjunction says that for a smooth complex submanifold Y C M,
Ky = KM|Y ® det Ny/M.

In particular, a smooth anticanonical divisor has trivial canonical bundle. A degree-d hyper-
surface Y C PV has
Ky 20Oy(d— N —1).

This gives the cubic elliptic curve, the quartic K3 surface, and the quintic Calabi—Yau threefold.
The complement of a smooth anticanonical divisor in a projective variety is log Calabi—Yau;
when the divisor is ample, the complement is affine.

5 Large volume limit data

5.1 Symplectic divisors and adapted primitives

Let D = Ufil D; be a symplectic simple normal crossing divisor: the D; are transversely
intersecting symplectic submanifolds of real codimension two, every intersection Dj = (;c; D;
is symplectic, and the intersection orientation on D; agrees with its symplectic orientation.
Here the intersection orientation is defined by the oriented normal-bundle identification

Ny Dr = NuDslp,-
i€l
This is the orientation compatibility condition; it is required for every nonempty intersection
[27, Definition 2.1].

For the purposes of these lectures, large volume limit data includes positive weights a; and an
adapted primitive # on M \ D such that

df = w|pn p [w] :ZaiPD[DZ-]. (4)
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The residue convention is

lim/ 0 = —ay,
e—0 ~i
i€

where v; . is a small positively oriented meridian. For example, with angular coordinate
¥; € R/Z and normal area coordinate p;, the normal part of the primitive is (p; — a;)dV;.
Existence of the adapted primitive and the required convexity of the complement are included
in the data.

For a compact oriented surface S mapped by u into M, transverse to D and with «(9S) C M\ D,
Stokes’ theorem on the punctured surface gives

/Su*w—/asu*@:z:ai(u'Di). (5)

%

The small boundary circles of the punctured domain have the opposite orientation to positive
meridians, which accounts for the sign. The expression « - D in the handwritten shorthand
denotes this weighted intersection number.

If L € M\ D satisfies 0|1, = dfr, the boundary term vanishes for a disk with boundary on L.
For polygons on several exact Lagrangians, it is expressed by differences of the primitives at
their corners. Formula (5) then relates the ordinary area weights to the divisor weights.

5.2 The affine setting and behavior at infinity

For a Liouville manifold (X, \) coming from a compactification (X, D), we use an auxiliary
divisor D C X and a primitive Ap on X \ D adapted to its weights. The compactification
boundary D, and the auxiliary divisor D play different roles. In the compactification picture
choose Ap with residue zero around each component of D, and prescribed negative residue
—a; around each component D; of D:

lim Ap =0, lim Ap = —aj;, a; > 0.
e—0 Yoo.j e—0 Vi
00,j,€ i,

All meridians are positively oriented. Existence of this primitive, the analogues of (4)—(5), and
the appropriate cohomological condition are part of the data.

We assume that D is cylindrical and is preserved by the local S'-actions near D,,. These
actions rotate the normal directions to the components of the compactification boundary.
This makes the divisor compatible with the wrapping used below. Removing D, choosing the
adapted primitive, and completing produces the complement geometry denoted by (X \ D, A\p).
Changes of the adapted data through a family with the same prescribed residues and a
uniformly convex end give strongly exact isomorphic completions by §3.4. Such a family must
be checked when using this independence of choices.



Graded symplectic geometry Kyoto lectures: Lecture 2

For X = C* and a single point D = {1}, the following picture shows an exhausting Weinstein
model of X \ D. We draw C* as a cylinder, with its two ends corresponding to 0 and oo.

st D= {1} s
/
/
(
0 A o0
\\
\
gi:} mo
skeleton

The dots m1, ms are minima; the squares s1, so, s3 are saddles. Arrows show positive Liouville flow:
along the red skeleton toward the saddles, and along the black unstable branches away from them.
Dashed arcs lie on the back of the cylinder.

6 The categories and their coefficient rings

6.1 Absolute and relative theories

We now name the categories, deferring their construction to Lecture 3. We use suitable graded,
spin branes with local systems as in §2.4, and take the unobstructed versions of the theories.
Let A = Ag be the Novikov field from Lecture 1, with val(T?) = a.

For a closed graded symplectic manifold, the absolute category is Fuk(M) over A. With large
volume limit data we have a relative category with formal parameters:

Fuk(M, D) over K[[Q1,...,QnN]]

Its objects are the chosen compact f-exact branes in M \ D, with the required unobstructedness

data. Here k = Z in the integral constructions under consideration; one can extend coefficients
to Q. A polygon contributes the weight
-D D

whi L QuDN,

Divisor-compatible holomorphic curves have nonnegative intersections. The completion permits
infinitely many terms with increasing total intersection number. The map

Qi — T (6)

converges because a; > 0. By (5), rescaling Floer generators by the boundary-action terms
converts these monomial weights into the absolute area weights. A precise relative construction
is discussed in [9].

For a graded Liouville manifold, the exact wrapped category is W(X) over Z. A strongly exact
symplectomorphism, with the brane data transported, induces an equivalence of wrapped
categories. Thus §3.4 lets us use any representative of the same finite-type Liouville deformation
class. For a relative category the divisor data must also be transported. Its relative version in
the finite-count model is

W(X,D) over Z[Q1,...,QnN]

We choose branes disjoint from D whose exactness is compatible with both A and Ap. The
polynomial model assumes finiteness of the relevant counts for fixed inputs, as provided by
the exactness and compactness setup in the examples. This permits the specialization Q); = 1,
which forgets the intersection weights. Recovering the full absolute category also requires that

10
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the chosen branes generate it. These comparison and generation assertions are part of the
HMS picture below.

We often abbreviate the collection of parameters by ). Evaluation at ¢Q = 1 is used only for
the polynomial model. Arbitrary formal power series in () cannot be evaluated there.

6.2 The specialization at zero

Setting every @; = 0 retains precisely the curves disjoint from D. It initially retains the same
objects. In the compact setting this gives the exact compact complement category

FukP (M \ D, 6)
on the chosen branes. Passing to its perfect completion allows us to use a generating collection
in place of all such objects.

In the affine setting we write the corresponding category as
WP-a%ay (X' \ D Ap).

The superscript records the branes and wrapping inherited from the relative problem: objects
come from X and stay away from D. This is followed by a separate enlargement to the full

category
W(X \ D, )\D)a

which allows admissible objects approaching the new ends created by removing D. Similarly,
Fuk®®* (M \ D,6) and W(M \ D, ) have different allowed objects.

The primitive matters in these comparisons: being A-exact and disjoint from D does not
by itself imply Ap-exactness. The compatibility of the branes with the adapted primitive is
included in our setup. In categorical specialization statements, tensor products are understood
in the derived sense.

7 The kinds of spaces appearing on the B-side

7.1 The mirror chart

The following table is the intended form of the mirrors in our examples. It records the difference
between absolute geometry and geometry with large volume limit data.

A-side Absolute mirror With large volume limit data Geometry
X affine Scheme over Z Scheme over Z[Q)] Nonproper
M compact Rigid analytic space over Ag Formal scheme over Z[[Q]] Proper

An affine A-side need not have an affine mirror. In the projective compact examples, the rigid
analytic mirror can be the analytification of a projective variety. This is additional algebraic
structure on the mirror.

7.2 Algebraic, formal, and analytic local models

An affine algebraic chart over a field k has the form

k[zi, ..., xk]

(fi - fo)

11

Spec
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Its points are prime ideals, with the Zariski topology and the usual structure sheaf. Schemes
are obtained by gluing such affine charts (and the same definition works over a general base
ring).

Set R = Ag,>0. Equip it with the valuation topology, equivalently the topology defined by
powers of T'. The ring R(x1,...,x)) consists of restricted power series: their coefficients tend
to zero in this topology. An admissible formal chart has the form

R<x1,...,l’k>
(fla"wfé) ’

with an adically closed ideal and a topologically finitely presented, R-flat coordinate ring. Its
points are the open prime ideals, that is, the prime ideals containing an ideal of definition. Its
structure sheaf remembers all infinitesimal thickenings, not just the special fiber.

Spf

The corresponding rigid analytic chart is

AQ<3}1,. . .,(L‘k>
(fla” . 7ff)

In the classical description its points are maximal ideals, with Tate’s admissible G-topology.
The algebra is a Tate algebra quotient; these charts glue to rigid analytic spaces. Berkovich
spaces provide another way to package the associated analytic geometry. See [10].

Sp

For a formal family ) over Z[[Q]], apply (6), take the completed base change to R, and then
take its rigid generic fiber to obtain the absolute mirror Y. If the formal family has a proper
algebraic model, this agrees with the analytification of its generic fiber. In that case proper
GAGA identifies the coherent theories. Algebraization is an extra assertion; the rigid generic
fiber itself does not require it.

7.3 Coherent sheaves, perfect complexes, and Morita equivalence
In the HMS formulas, write

Coh%(Y) for an enhancement of D’ Coh(Y).

Here is a dg-localization definition. Let ng(Coh Y’) be the dg category of bounded complexes
of coherent sheaves, with morphism complexes

Hom'(E, F) = HHom@Y(Ei, Fm, d(f) =dpf — (=1)" fdg.

1

Let W be its closed degree-zero quasi-isomorphisms. Define
Coh(Y) := C§,(Coh YV)[W 4.

This localization is universal, up to homotopy, for dg functors making the maps in W invertible
in the homotopy category. Equivalently it is the derived dg quotient by the full dg subcategory
of acyclic complexes:
b b
Cig(CohY)/ Acg, (V).

In the quotient model one makes each acyclic object A contractible by adjoining a degree-—1
endomorphism h 4 with dha = ida; over a general coefficient ring one first takes an appropriate
homotopically flat replacement. Its homotopy category is H? Coh®8(Y) = Db Coh(Y); see
[28]. The category Perf(Y') is the full dg subcategory of complexes locally quasi-isomorphic to
bounded complexes of finite-rank locally free sheaves.

12
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On a smooth mirror of the type considered here, bounded coherent complexes are perfect, so
Coh%8(Y) ~ Perf(Y).

On a singular special fiber these categories generally differ. For example, a skyscraper sheaf at
a singular point need not have a finite locally free resolution. This distinction is central to the
following HMS chart.

An equivalence C ~porita P means an equivalence of their perfect completions:
Perfy_(C) ~ Perf4_ (D).

Thus we allow finite twisted complexes and split idempotents, as in Lecture 1. Taking homotopy
categories gives the corresponding equivalence of split-closed derived categories.

8 The HMS conjectural picture

These are the proposed compatible equivalences for the geometric setups under consideration.
They are a framework for the examples, not an existence theorem for a mirror to every graded
symplectic manifold. The categories use the admissibility and coefficient conventions just
described. The mirror families are assumed flat over their parameter rings, so their derived
specializations agree with the ordinary fibers appearing below.

8.1 The compact setting

Let Y be the formal mirror with large volume limit data, let )y be its fiber at Q = 0, and let
Y be its rigid generic fiber after (6). The picture is
Fuk(M) ~porita Coh®8(Y) ~ Perf(Y),
Fuk(M, D) ~\orita Perf()),
Fuk®" (M \ D, 0) ~norita Perf(Mo),
W(M \ Da 0) ZMorita COhdg(yO)'
The last two lines should intertwine the inclusion of compact objects into the wrapped category

with the inclusion Perf()y) € Coh%())). For a singular central fiber this inclusion can be
proper. The torus and Tate curve from Lecture 1 illustrate this pattern.

8.2 The affine setting

Now let ) — SpecZ[Q] be the relative mirror, and put Y = Y and Yy = Y|g=0, with all
parameters respectively equal to one and zero. The analogous picture is

W(X) ~Morita Coh®(Y) ~ Perf(Y),
W(X, D) ~Morita Perf()),
WPAYY (X \ D, Ap) ~Morita Perf(M),
W(X \ D, Ap) ®Morita COhdg(yo)-
Again the passage from the third line to the fourth is an enlargement of the object class, reflected

by perfect versus coherent complexes on the special fiber. Compatibility with specialization
and the generation statements are part of this conjectural package.

For a broader framework combining these kinds of structures, we recommend Seidel’s theory
of noncommutative Lefschetz pencils; see [11, §§1b—1c]. It organizes more than the individual
equivalences written above. We will use the chart here without developing that theory.

13
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9 Examples and models in dimensions two and three

Here dimension means complex dimension, or half the real symplectic dimension. A regular
Lagrangian torus fibration has a base with an integral affine structure: locally there are action
coordinates whose transition maps lie in GL(n,Z) x R™. The discriminant locus A C B is the
set of critical values, so over B \ A the fibration is a smooth torus bundle. Transport around
a loop in B\ A acts on Hy(T™;Z) by an integral matrix: nontrivial monodromy obstructs
a global basis of fiber cycles and appears dually in the linear parts of the affine coordinate
changes.

9.1 The affine surface and a focus—focus singularity
A basic model linking affine modification and a nodal torus fibration is
U={uw=2-1}CcC*xC*=C*\ {wv=—1}.

It is the modification of AL x G, ., with center (u,z — 1) and divisor u = 0. Its volume form is

_dfu/\@_du/\dv
w z z

Q

The second expression shows directly that it extends without zeros across u = 0.

For the standard invariant K&hler form, the functions

2 2
7T(’LL, v, Z) = <lOg |Z|a |U|2|U>

Poisson commute. The second is a moment map, up to the Hamiltonian sign convention, for
the circle action (u,v,2) — (e®u,e~%v, 2). The regular fibers are Lagrangian two-tori, and the

fiber over (0,0) is a nodal torus. The monodromy around the focus—focus value is conjugate to

)

This is the elementary singularity entering almost toric pictures of affine log Calabi—Yau
surfaces. Toric models and the modifications above explain why toric regions and such local
singularities occur together.

Exercise 4 (Duistermaat’s fibration on 7*S5?). Consider a spherical pendulum of mass
m > 0 and length ¢ > 0, with g > 0. Give the round sphere 542 C R? its induced metric, and
identify cotangent vectors with tangent vectors, so that

757 = {(a,p) €R* xR*: |g| = £, ¢-p=0}.
Use the tautological form A = p - dq and w = dA. For every parameter ¢ > 0, let

2
p
e =2t emoh(e), b =as  Jap) = -

Here h is height measured from the equatorial plane and J is the vertical angular momentum.
The energy—momentum map

Fe=(J,He): T*S} — R},

is Duistermaat’s spherical-pendulum example [12].

14
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(i) Show that J generates rotations about the vertical axis, that {.J, H.} = 0, and that F, is
proper. Show that its nonempty regular fibers are Lagrangian two-tori.

(ii) For every ¢ > 0, determine the image and the critical values of F,., and draw the
bifurcation diagram. Describe F;1(j, E) for every point (j, E) € R?, including empty
fibers, boundary fibers, and exceptional fibers. Give their topology and identify the
critical points of F, on each fiber. Treat ¢ = 0 explicitly, including the fiber over (0,0).

(iii) For ¢ > 0, prove that the monodromy of the local system H;(F. 1(j, E);Z) is nontrivial
around a small loop of regular values encircling (0,cmgf), the value of the upright
equilibrium. Explain what happens to the fibration and its monodromy when ¢ = 0.

Hint (Cushman’s argument). For ¢ > 0, compare the regular energy hypersurfaces just below
and just above the energy cmgl of the upright equilibrium. Use Morse theory and identify the
high-energy hypersurfaces by radial rescaling in the cotangent fibers. View these hypersurfaces
as preimages of arcs in the base with endpoints on its boundary. What would trivial monodromy
imply about their topology? See [13, §3.1].

9.2 K3 surfaces and the tetrahedron
Consider the quartic degeneration in P3
20212223 + tfa(20, 21, 22, 23) = 0.

For general f; and nonzero general ¢, the fiber is a smooth K3 surface. At ¢ = 0 it is the union
of the four coordinate planes, whose dual intersection complex is the boundary of a tetrahedron.
The restriction of a general f; to each coordinate line has four zeros. These give 24 ordinary
double points of the total space, with local equation zy + tw = 0. The corresponding integral
affine model has four simple nodes on each of the six edges.

The integral affine charts. Take the lattice N = Z? and the tetrahedron
P = Conv{pOap17p27p3}7 B = 8P7

bo = (_17 _11 _1)1 b1 = (37_17 _1)7 b2 = (_1731 _1)1 b3 = (_17 _173)'

Each edge has integral length 4. Put one node at the midpoint of each of its four unit segments,
and denote the resulting set of 24 nodes by A. The atlas on B\ A is as follows [14, §2.2]:

o A face interior carries the affine structure induced from its affine plane in Ng.

e For each lattice point ¢ on an edge, including the vertices, choose a small neighborhood
U, C B\ A. Its chart is projection

U, — Ngr/Rgq, with lattice N/Zq.

Along an edge, U, ends at the adjacent nodes. Together with the face interiors, these
neighborhoods cover B\ A.

An incident facet has a primitive integral conormal n with n(q) =1 or —1. Thus ¢ is primitive
and projection identifies that facet’s tangent lattice with N/Zg. The chart transitions are
consequently integral affine, including near the tetrahedral vertices, which are regular points.
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The affine tetrahedron. Red points are nodes; the tetrahedral vertices are regular. Dashed edges
indicate the perspective projection.
For an explicit transition calculation, use coordinates (X,Y, Z) on Ny and consider the edge
Y = Z = —1. Its lattice points are ¢, = (r —1,—1,—1), 7 = 0,...,4. Quotient coordinates for
the chart at g, are
(XY, Z)= (X + (r—1)Y, Z-Y).

On the two components of the overlap of consecutive charts,

(&—1,n), on the face Y = —1,

r+1 09 - ) =
Xri10 X (6:1) {(é—n—l,n), on the face Z = —1.

Going around the intervening node therefore gives the shear (£,n) — (£ —n,n), or its inverse
according to loop orientation. Each node is a simple focus—focus singularity. The shear fixes
the edge direction, and the four nodes on an edge give a shear of size 4 in total.

The 20 symplectic parameters. Let X be a marked symplectic K3 surface with a La-
grangian torus fibration and a Lagrangian section. Write F, S € Hy(X;Z) for the fiber and
section classes, with orientations such that

F? =0, F.S=1, 5% = 2.

Thus U = (F, S + F) is a hyperbolic plane in the K3 lattice. The Lagrangian conditions give
two independent equations
/ w = / w = 0.
F S

Since be(X) = 22, the local symplectic period space has real dimension 22 — 2 = 20: its
parameters lie in
{ac Ut @R :a? >0}, sign(U1) = (2,18).

This includes overall scale. Locally these periods are realized by deforming an elliptic K3
with a holomorphic section and taking w = Re §2; the holomorphic fibers and section are then
Lagrangian. Nearby cohomologous symplectic forms are identified by Moser’s argument. See
[15, §§3.2.4, 6.7.1].

The matching affine count is 20 modulo nodal slides. A nodal slide moves a node along the
invariant line of its local monodromy. Such slides change the fibration while preserving the
underlying symplectic manifold [16, Proposition 6.2]. The full local space of integral affine
spheres with 24 nodes has real dimension 44; its nodal-slide leaves have dimension 24. The local
transverse space therefore has dimension 44 — 24 = 20 [15, §6.7.1]. These are real symplectic
and affine parameters.
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Deforming the tetrahedral model. Here is the explicit calculation of these parameters.
Label an edge by its endpoint indices ij, and label its four nodes by r =1,...,4. At pg, use
quotient coordinates ¥(X,Y,Z) = (X — Z,Y — Z). Developing the three incident face interiors
through this chart places the vertices at

Po (070)7 p1+— (47 0)7 p2 (074)7 p3 — (_47 _4)

Choose cuts and based meridians through these faces. The transported primitive invariant
directions, up to sign, are the edge directions in this development. In cyclic order they are

e| 01 12 02 23 03 13
ve | (1,0) (1,-1) (0,1) (1,2) (1,1) (2,1).

With det the standard oriented determinant, put

M, (z) = z + det(v, z)v.

Writing M, = M, and choosing the meridian orientation accordingly, the ordered product of
the 24 linear monodromies is

M§1Mf2M§2M§3M§3Mf3 =1
If a developed node is at b, its affine monodromy is
Te,r(x) = be,r + Mve (-7} - be,r)-

Move it by eu,, and set

4
ter = det(ve, Uer), S, = Z ter.
r=1

The change in the translation part of Tt , is —et.,v.. Motion parallel to v, is invisible to this
translation part: it is the nodal-slide direction.

The product of the affine monodromies must still be the identity. Multiplying in the above
order gives the two equations

So1
S12
(1 3 —8 5 -7 2) Sox | _
0o -1 -3 2 -3 1 S93 ’
So3
S13

Equivalently,
So1 — S12 — 2502 + S23 — So3 = 0, 7)
So1 + So2 — Soz + 2Sp3 — S13 = 0.

These are two independent compatibility conditions. For example, choose the four sums Spq,
So02, Sosz and Sa3 freely; then

S12 = So1 — 2502 + Sa23 — Sos,
S13 = So1 + So2 — S23 + 2503.

For each edge, distributing its sum among four nodes gives another three parameters. Thus
there are 6 - 3 + 4 = 22 transverse parameters before changing the origin of the developing
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plane. For sufficiently small deformations the node ordering and the chosen cut pattern persist;
with the linear parts fixed, the translation equations are linear, so the same formulas describe
small finite deformations.

A common translation of developing coordinates by ea changes
Uey > Uy + @, ter — ter + det(ve, a).

It supplies two coordinate redundancies. Consequently

24 —2—-2 = 20, 48 —2 -2 = 44.
———— ————
transverse affine parameters all node-position parameters

The extra 24 parameters in the second count are nodal slides. In this way, the six edge sums
have four independent parameters before the translation quotient, and two afterwards; the
other 18 transverse parameters redistribute the sums within edges. Sweeping a fiber circle
along a path in the base computes a symplectic period from its integral affine displacement.
This is how the 20 affine parameters match the periods in U+.

A transverse motion equivalent to nodal slides. Fix a = (1,3) in the developing plane
and use its Euclidean inner product to set, for every node on edge e,
(a, ve)

Se = — 5 Ve, Ue = A + Se.
|ve

Then s, is parallel to v., whereas u,. is perpendicular to v.. For example,

0
12](1,-1) (2,2)

Start with the slide family whose developed nodes are b., + €s., and translate its entire
developing map by g.(x) =  + ea. The nodes now appear at b, + €u., so all their apparent
motions are transverse. Nevertheless, for each e this is the same affine structure as the slide
family, because

(dev, p) — (ge © dev, gﬁpge_l)

is a change of developing coordinates. Here both the developing map and its holonomy are
transformed. Conjugate holonomy alone does not determine the affine structure: nodal slides
preserve holonomy while moving the singularities along their invariant lines.

9.3 The generic singularity: a vector and a covector

At a smooth point of the codimension-two discriminant, the elementary SYZ-base model is a
focus—focus singularity times R"~2. Here is a coordinate-independent description of its integral
affine structure. Let A be the lattice of integral tangent vectors at a nearby regular point.
Choose primitive elements

veEA, a € A" =Hom(A,Z), a(v) =0.
For a chosen orientation of a small meridian around the discriminant, the linear monodromy is

M=I+v®aq, M(w) =w+ o(w)v.
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Thus o measures the component that produces the shear, and v is the direction of the shear.
In particular,

ker(M — I) = ker a, im(M — 1) =Zv, (M —1)?=0.

The orthogonality condition gives det M =1 and M~ = I — v ® a. Reversing the meridian
replaces M by M~!'; replacing (v,a) by (—v, —a) leaves M unchanged. The primitivity
assumptions describe a simple node. A shear of multiplicity kK > 1 has M =1+ kv ® a.

The affine charts. Work in an affine space A with translation space Ag = A ® R. Choose a
point b € A and a lattice complement K such that kera = Zv @ K. Set

D =b+ K, H = b+ (ker a)g, Cy =D + Rxo(£v).

Here D is the codimension-two discriminant, H is the invariant hyperplane, and Cy are its
two halves bounded by D. The affine shear

Ty(z) = 2 + a(x — b)v

fixes H pointwise and has linear part M. Take the two chart domains Uy = A\ Cx. Their
overlap has two components; glue them by

Adding D topologically gives the required singular affine model. Going around D crosses the
two overlap components and produces M or M~! according to orientation. This is the usual
two-chart description of the focus—focus singularity, with n — 2 unchanged directions [17, §2.2].

In adapted coordinates, v = ej, « = €5 and D = {1 = x93 = 0}, so
Ty(z1, 22,23, ..., Tn) = (T1 + T2, T2, T3, . .., Ty),

where b is taken as the origin. In dimension three, D is an edge of the discriminant: its
tangent and v together span ker aw. The pair (v, ) records the monodromy; the choice of D
also specifies where the singularity lies in this model.

The dual lattice and the vanishing cycle. On A* the monodromy is the inverse transpose:

M7T(B) = B~ Bv)a

For the action—angle model T By/A*, we have Hi(Ly;Z) = A} for a regular fiber Ly; the
primitive vanishing cycle is therefore a, up to sign. Thus one must distinguish tangent-lattice
monodromy on the base from monodromy on the first homology of the torus fiber. Dualizing
exchanges the roles of the vector and covector, with the sign displayed above.

9.4 Positive and negative vertices in dimension three

There are two basic trivalent vertices. In both cases the local base is a three-ball and the
discriminant is a Y-shaped graph. Along an open leg the singular fiber is a once-pinched
two-torus times S'. The names positive and negative refer to the Euler characteristic +1 or
—1 of the fiber over the vertex. We keep the convention that A is the integral tangent lattice
of the base and H;(L;Z) = A*.
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The positive vertex. The complex affine threefold is
X+ = {(ZlaZQ;ZS) € (C3 1212923 7& ]_},

with the standard symplectic form restricted from C3. An explicit Lagrangian torus fibration
is

fr: Xy — R,

212 — |22 |21]* — |23)?
2 ’ 2 '

Z — <log ’212223 — 1|,

The last two functions generate a Hamiltonian T?-action preserving zjz923, so all three
functions Poisson commute. At a regular value their common level set is a compact three-torus.
Writing the base coordinates as (s, a,b), the critical values are

Ay ={(0,-7r,0):7>0}U{(0,0,—r):r >0} U{(0,r,r):7r >0}
Indeed, critical points have at least two of the z; equal to zero. At the vertex the fiber is

Ly = (T? x SY/(T? x {pt}),  x(Ly)=1.

See [18, §3.4]. The integral affine coordinates on the regular base are action integrals; the
displayed coordinates (s, a,b) are coordinates on the underlying base, with a, b already action
coordinates.

In the notation of the previous section, the positive affine vertex has one common shear vector:
M, =1+vQ® aq, a;(v) =0, a1 + oy + a3 =0.

Here v is primitive and a;, ay form a lattice basis of Ann(v). After choosing a basis and
meridians, we may write

M =1+ Eq, My =1+ Ey3, Mg =1— Es — Ey3.

Here Ej; is the elementary matrix. Their product is I. Their common fixed space in Ag is the
line Rv, whereas their duals fix a plane in H;(L;R).

The negative vertex. The complex affine threefold is the conic bundle
X_ = {(u,v,21,22) € C* x (C)? v = 1 + 21 + 22}

It is smooth, and its projection to (C*)? has a nodal conic over the pair of pants {1+21 429 = 0}.
Evans—Mauri construct a Lagrangian torus fibration on this variety, with an exact symplectic
structure obtained from an affine compactification, whose base is an open three-ball and whose
discriminant is a Y-graph [19, §3.2].

Their construction first gives a contact-link fibration g : M — S? with three exceptional values

and contact form Ay; on M. On the complement of the skeleton ¥, Liouville flow gives
X_\Y=ZRx M, w = d(e'A\yr), F(t,m) = (t,g(m)).

Adding ¥ as the central fiber gives the cone on S?; its discriminant is the cone on the three

exceptional values. The central fiber is a Lagrangian skeleton, with isotropic strata.

The central fiber is obtained by attaching a solid torus to S'V S'. Up to homotopy, its
attaching map sends the meridian to the commutator of the two circles and the longitude to
the trivial loop [19, Theorem 3.4]. Consequently

X(L-) = x(S' Vv §) + x(D? x §') = x(T?%) = 1.
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This also agrees with x(X_) = x({1 4+ 21 + 22 = 0}) = —1: the other conic fibers are C* and
contribute zero.

The negative affine vertex has one common shear covector:
M;,=1+v®a, a(v)) =0, v1 +v2 +v3 =0,

where « is primitive and v1,vo form a lattice basis of ker . A choice dual to the positive
matrices is

M; =1— FEy, My =1 — Ejz, M3 =1+ E9 + Es;1.

Now the common fixed space in Ag is the plane ker o, while the common fixed space in
Hi(L;R) is a line. The discriminant can be drawn in this invariant plane. Each leg has the
elementary shear from the previous section; its tangent lies in the relevant fixed plane and is
distinct from its shear direction.

Thus the two bases have the same topological Y-shaped discriminant but different integral
affine structures. Their monodromies satisfy

Mii = (Ml%)_T’
which explains why dualizing the torus fibers exchanges the two vertex types. These statements
concern the usual affine and Lagrangian models. In particular, the Y-shaped negative model
above uses the Evans—Mauri construction; the Castano-Bernard—Matessi construction instead
has a small thickening of the discriminant near the negative vertex [18, §3.3].

9.5 Gross’s SYZ base for the quintic threefold
Consider the degeneration
2021222324 + tf5(20, c ,24) =0 inP*

whose central fiber consists of five coordinate hyperplanes. In the moment-polytope picture,
the five components contribute five tetrahedra, glued along their triangular faces. The resulting
base is

B=0P~5S3, P:{xER4:xi2—1, 1+ xo +x3 + x4 < 1}

This is the reflexive moment simplex for the anticanonical polarization of P4. Its edges have
integral affine length 5. Components correspond to facets here; in the dual intersection complex
they correspond to vertices.

The discriminant graph. Subdivide each of the ten triangular faces into 25 elementary
lattice triangles, and draw the dual graph: put a vertex in each small triangle and join vertices
across common sides. At the boundary of the large triangle, end the corresponding edges at
the midpoints of the five unit segments on each side. There are 25 trivalent vertices in each
face and five ends on each side.
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Degree-five triangle 25 negative vertices
25 unimodular triangles 5 ends on each side; 6 cycles

Three triangular faces meet along every edge of the four-simplex. Identify their corresponding
graph ends; this produces five trivalent vertices on each of the ten original edges. Let A be the
resulting graph in B. Its vertices in face interiors are negative, and those on the original edges
are positive. The original vertices of the four-simplex are regular points of the affine base.

The integral affine structure. Put N = Z*. Facet interiors inherit their affine lattices
from N. For each lattice point ¢ in the two-skeleton, take a suitable neighborhood U, C B\ A
and use the chart

U, — Ngr/Rgq, with lattice N/Zgq.

Choose U, so that its intersection with the two-skeleton is the region around ¢ bounded by the
dual graph. These charts and the facet interiors cover B\ A. As in the tetrahedral K3 model,
an incident facet has primitive integral normal pairing +1 with ¢, so the projected tangent
lattice is precisely N/Zq. See [14, §2.4] for this affine atlas.

Using these charts, the local models along edges and at vertices of A are exactly those of the
preceding two sections. The count is

#V.=10-25=1250, #V, =10-5=50.

Regular fibers and fibers over open graph edges have Euler characteristic zero. Thus the
singular fibers give
X(X) = #V, — #V_ =50 — 250 = —200,

as required for a smooth quintic.

Gross compactifies the regular torus bundle over this base to a topological torus fibration
whose total space is diffeomorphic to a smooth quintic [20, §4, Theorem 4.1]. The compactified
dual fibration is a smooth mirror quintic: the two vertex types exchange, and the Euler
characteristic becomes +200. This is a topological SYZ construction; the assertion here does
not include special Lagrangian fibers for a Ricci-flat metric.

9.6 Ray diagram bases for affine log Calabi—Yau surfaces

We now describe the bases constructed in [21]. A rational ray diagram R is a finite collection
of rational rays p; = R>ov; C R?, where v; € Z? is primitive, together with multiplicities
m; € Z>o. On p; choose m; distinct points

bi,j = T,jVi, Tij > 0.

These will be simple focus—focus nodes. Draw a branch cut b; ; + R>ov; from each node
outwards. The complement of these cuts carries the standard affine chart. Extend across them
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using the focus—focus charts, with invariant direction v; and the convention that a straight
affine geodesic, when drawn in the reference chart, bends towards the node as it crosses a cut.
The resulting nodal integral affine plane is denoted Bg [21, Definition 1.7 and §1.1.1].

The elementary shear has the form
w — w ~+ det(v;, w)v;

for one orientation of the meridian; reversing the orientation gives its inverse. The special
feature is that every invariant line passes through the origin. This is an exact eigenray diagram.
The positions r; ; are auxiliary: they are not part of R.

The symplectic manifold. Over the regular part of Br take the action—angle bundle
T*By®/A* and fill in the standard nodal fibers. The radial vector field z18;, + x20,, in the
reference chart extends over the regular affine base, since the transition shears fix the origin.
Its horizontal lift is Liouville. Modifying this lift near the nodal fibers and completing gives a
complete finite-type Liouville manifold Ug.

Different choices, including the positions of the nodes, give strongly exact symplectomorphic
Ur [21, Proposition 1.9]. Here the construction supplies Liouville deformations for the auxiliary
choices, and §3.4 converts them into strongly exact symplectomorphisms. The affine bases and
fibrations themselves can change under these choices. Equip Uz with the unique homotopy
class of grading structures for which the regular torus fibers have Maslov class zero.

Obtaining the diagram from an affine surface. In dimension two every affine log
Calabi-Yau surface admits a generalized toric model in the sense defined earlier [21, Theorem
2.1]. The symplectic conclusion is:

Theorem 9.1 (Ray diagram model, [21, Theorem 1.12]). Ewvery affine log Calabi—Yau sur-
face U has an associated rational ray diagram R and a grading-preserving strongly exact
symplectomorphism

URZU.

The diagrams can be chosen by the following recipes.

If U is a Looijenga interior, so the boundary has nodes, choose a toric model without the
boundary-smoothing step. Take the rays of the fan of its Toric Start, with multiplicity equal to
the number of non-toric blowups on the corresponding boundary component. The determinant
pairing identifies the fan lattice with the lattice used in the base diagram. Rays of multiplicity
zero carry no nodes.

If the boundary is smooth, U is of elliptic type. There are ten deformation types, and the
paper gives the following diagrams:

U ‘ primitive ray directions ‘ multiplicities
P! x P\ Dys (1,1),(1,-1),(-1,1),(-1,-1) 1,1,1,1
Yo\D, d=1,...,9](1,0),(7,1),(—41,-5),(2d — 17,-2) | 9—4d,1,1,1

Here Y} is the degree-d del Pezzo surface obtained by blowing up 9 — d points of P?, and D is
a smooth anticanonical curve. The first row is the other degree-eight case. In the second row
there are 12 — d nodes; for d = 9 the first ray has multiplicity zero.

The construction starts with a moment polygon, realizes non-toric blowups by Symington
surgeries, and realizes boundary smoothings by nodal trades. Nodal slides and branch moves
arrange the invariant lines through one point. Symplectic Torelli for log Calabi—Yau surfaces
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then identifies the resulting compactification with the algebraic one; comparison of the Liouville
primitives gives the strongly exact statement above. Deformation stability handles the auxiliary
choices once such a family has been constructed; the comparison with the given algebraic
surface also uses this Torelli and primitive comparison input. The elliptic recipes use a square
in the first case and a mutated P? triangle in the second [21, §§2.3-2.4].

9.7 The base for P? minus a quartic K3 surface

Let Q C P? be a smooth quartic and put X = P3\ @. This is affine log Calabi-Yau by
ampleness and adjunction. We use the following refined tetrahedral model for its SYZ base.
The identification of the completed symplectic realization of this model with X is the geometric
assumption for this example.

Take the O(4) moment tetrahedron
A= COHV{(_17 _]-a _1)7 (3a _17 _1)7 (_17 37 _1)a (_L _1, 3)}? o=0.

The diagram below refines the left-hand model in [22, Example 9.1 and Figure 9.1]. Each of its
six coarse negative vertices, with an outgoing leg of multiplicity four, is split into four simple
negative vertices.

The discriminant. Put one positive vertex on each segment from o to a vertex of A. For
each tetrahedral edge E, work in the triangular sheet Conv(o, E'). Connect its two positive
vertices by a chain containing four negative vertices. From each negative vertex, draw an
outward radial leg to E. The four endpoints on F are the midpoints of its four unit lattice
segments. Thus

I' C Cone,(Skel; (0A)), #V,. =4, #V_=6-4=24.

The positive vertices have one incident branch for each of the three edges meeting at the
corresponding tetrahedral vertex. Each negative vertex has two chain branches and one
outward branch.
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(-1,3,-1)

(_17 _]-a _1)

e 24 negative vertices e 4 positive vertices
I' C Cone,(Skel; (0A))

The blue dashed lines are the radial edges of the star subdivision. The red solid graph is the
discriminant. The red dashed segments from o to the four negative vertices on the displayed
sheet are auxiliary radial continuations. Only the part of that sheet outside the discriminant
chain is shaded. The black arrows record the five shear vectors described below.

The tetrahedron displays the compact part of the model. The outward legs continue into the
end in the completed picture; extending the affine and symplectic structures into that end is
part of the completed-model construction.

Reading the monodromy arrows. We interpret the black arrows using the tangent-lattice
convention of §9.3. Orient a tetrahedral edge from ag to a4 and write
_ a4g — ag

ep = 1 ap =ag+ keg, k=0,...,4.

Let £1,£5 be the primitive integral normals of the two adjacent facets, with facet equations
(.(x) =1, and set ap = fo — ¢1. This is a primitive integral covector vanishing on the plane
spanned by ag and eg. Cut along the five outer regions between the chain and E. Across the
k-th region glue the standard affine charts by

My =1+ a; ® ag.

These transformations fix the sheet pointwise. They also make the boundary locally flat away
from the outgoing discriminant legs: since ¢1(ax) = 1, we have ¢ o My = ¢5. They give the
monodromy around the five successive chain segments, with compatible choices of meridians.
The four outward legs have shear vector eg:

Mpa=I+ep®@ap, My 1M, "Mpq=1.

The relation follows from ay_1 — ap + eg = 0. Thus at a negative vertex the three shears share
the covector ap, exactly as in §9.4. At a positive vertex they share the vector given by the
corresponding tetrahedral vertex.
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For the shaded sheet in the figure,

ag = (37 _17_1)a € = (_1703 1)7
ar=B8—-k,—1,k—1), ap(x)=1z1+ 222+ z3.

These are precisely the five displayed arrow directions. They are shear vectors in the base
lattice. On fiber homology the monodromy is instead

/8'_>ﬂ_18(ak)aEW /BEA*v

so the vanishing-cycle direction is ag, up to sign.

The 24 points where the outgoing legs meet the boundary are focus—focus nodes of the induced
integral affine sphere, as expected for the quartic K3 surface. The origin and the tetrahedral
vertices are regular points of the affine model.

Finally, the vertex count gives the expected Euler characteristic

4-24=-20 = x(P?) — x(Q).

The completed base has an end carrying the outgoing discriminant legs, rather than the closed
three-sphere of the quintic example.

9.8 Batyrev, Harder, and Prince

Batyrev’s construction starts with a reflexive lattice polytope and its polar dual. The associated
toric varieties carry anticanonical hypersurface families that form candidate mirror pairs [23].
In dimension four for the polytope, suitable crepant resolutions give Calabi—Yau threefolds.
This includes the toric starting point for the quintic example.

Harder’s construction for toric weak Fano threefolds uses the pencil spanned by a general
anticanonical divisor and the toric boundary on the dual toric side. One resolves its base curves
by successive blowups and removes the fiber at infinity, obtaining a proper Landau—Ginzburg
model [24, §5.2].

Prince develops integral affine and topological torus-fibration models for the 105 deformation
families of smooth Fano threefolds [25]. These give a source of explicit bases and discriminant
loci. The geometric identifications and HMS statements for such models are separate questions;
we use the models to organize the examples that motivate the categorical framework.

In Lecture 3 we will turn from this geometric and categorical outline to the Floer constructions,
especially the additional structure provided by support conditions.
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