Lecture 1

Overview and Fukaya categories of surfaces

Umut Varolgiines
Mini lecture series, Kyoto University

1 Overview

The goal of these lectures is to prove homological mirror symmetry (HMS) in some examples,
using the methods of Fukaya categories with support. We have three settings in mind:

(i) Affine: a smooth affine log Calabi—Yau variety X over C.
(i) Compact: a compact Calabi—Yau manifold M with a Kéahler class.
(iii) Projective: the special case in which M is projective.

In the affine setting we use an exact symplectic structure coming from an embedding into C™.
The expected equivalences have the form

D™W(X) ~ D’ Coh(X"), affine case,
D™ Fuk(M) ~ D° Coh(M"), compact case.

Here the left-hand side is the A-side and the right-hand side is the B-side. The notation D™
means that we take twisted complexes and split idempotents. We understand the equivalences as
exact equivalences of triangulated categories, but they can be lifted to Ao or dg enhancements.

In the examples we aim to treat, the mirrors have the following form:

Affine case XV: a nonproper scheme smooth over Z;
Compact case M ": a smooth proper rigid analytic space over Ag;

Projective case M": a smooth projective scheme over Ag.

In particular, the mirror of an affine variety is often not affine. These descriptions are the
target of the construction in the examples, rather than a general existence assertion for every
Calabi—Yau manifold.

Our strategy is inspired by the SYZ proposal. For the purposes of these lectures, we take this
to mean that the A-side admits a Lagrangian torus fibration whose regular fibers have Maslov
class zero, with a finite list of allowed local models. These local models will be full subdomains
of special examples in the affine setting. Each has a local mirror, and the global mirror is
obtained by gluing these local mirrors, taking into account quantum corrections.

We will use integral or Novikov coefficients on the B-side, rather than complex coefficients.
We also equip our geometric data with a reference Lagrangian section R. This section will be
mirror to the structure sheaf in a strong sense, by construction. Among the affine examples,
the local models are singled out by having an affine HMS mirror. More details will come in
later lectures. We will also discuss enhancing the A-side with large volume limit data.
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The first lecture is organized around the following topics:

1. Lagrangian Floer theory and the Fukaya pre-A., category of a graded surface with an
area form;

2. the wrapped category of T*S";
3. HMS for T*S' and for the two-dimensional torus.

We begin with the surface construction, following Abouzaid [1] and de Silva—Robbin—Salamon
[2], and then turn to the wrapped cotangent cylinder, one-dimensional mirrors, and the two
HMS statements.

2 Graded curves on a surface

Let (3,w) be a surface with an area form. We fix an oriented line field n on . Its underlying
unoriented line field supplies the grading structure; its orientation will let us obtain orientations
of curves from their gradings.

2.1 The curves
A curve will be specified by a proper immersion
L1y — 3,

where 7 is a finite disjoint union of circles and copies of R, and self-intersections are transverse
double points. Every such curve is Lagrangian, since its dimension is one. We impose the
following additional conditions on the curves used as objects:

e a circle component is not null-homotopic;

e there are no fishtails.

A fishtail is an immersed disk with one boundary corner, with boundary on the curve and with
a continuous lift of the boundary away from that corner to 4. Thus one excludes a contractible
teardrop made by a single branch of the curve. Abouzaid’s conditions (noncontractible circle
components and no fishtails) are equivalent to requiring that each component, lifted from its
universal covering line to the universal cover of 3, be a properly embedded line. This is the
unobstructed class of curves used here; we do not introduce bounding cochains.

C>< excluded fishtail

2.2 Gradings and orientations

Write 4 (p) = du,(T7y) for the tangent line of the chosen branch at p. A grading is a
continuously varying homotopy class, relative to the endpoints, of paths

hy(p) = €4(p) ~ mipy"  in P(T,)%0).

The use of p € ¥ matters: at a self-intersection there are two tangent lines and two grading
values.
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Starting with the chosen orientation of 7, lift the reversed path h., (p)~! to the double cover of
oriented lines. Its endpoint gives an orientation of £,(p), and hence of 7. Thus

grading == orientation.

Changing the grading by one reverses this orientation. If one omits the orientation of 7, the
integer grading construction still makes sense, but the orientations needed for signs must be
supplied separately.

Existence of an oriented line field is an assumption on the surface. Among closed connected
oriented surfaces, it exists only on the torus. Abouzaid’s construction on closed higher-genus
surfaces is Z/2-graded; here we use its integer-graded version on surfaces carrying the stated
grading data.

2.3 Degrees at intersections

Let a, 8 be graded curves meeting transversely at finitely many simple points. For z € a N 3,

concatenate
-1

ha . _unor hB
T,ao —n 1.0

T

short counterclockwise path

T, . (1)

Its winding number in P(7,%) = R/Z is the degree |z|. A counterclockwise rotation through
7 has winding number 1. “Short” means that the rotation angle lies in (0, ).

Concretely, choose local positively oriented coordinates with n horizontal. Let aq,ag € R be
the lifted tangent angles, measured in units of m, obtained by reversing the grading paths.
Then

2] = Tag(2) = an(2)]. (2)

In particular, the two degrees at the same intersection, viewed as a morphism in opposite
directions, satisfy
%l + |2|g,0 = 1.

Modulo 2, the degree is 1 precisely when the ordered pair of induced orientations (T, T,.[3)
agrees with the orientation of X.

/\\ B

v N

For the displayed lifts of the tangent angles, the left intersection has degree 1 and the right
one has degree 0.
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3 Coefficients, exactness, and brane data

3.1 Novikov coefficients

For a coefficient ring K, write

Ag = Za/\T)‘:a,\eK, #{A < C:ay#0} < oo for every C € R
AER

The valuation of a nonzero series is its least exponent. We will use Az for the surface
construction; Ag is the Novikov field appearing in the overview. The powers of T' record
symplectic areas.

Without local systems, the morphism module of a transverse pair is
CF*(,f)= @ Mgz,  deg(z) = .
r€aNf

An intersection point includes its chosen preimage on each normalization. For simple intersec-
tions these preimages are implicit.

3.2 Exact and strongly exact curves

Suppose w = df. The immersion ¢ is ezact if
L0 = df
for a function f on 7. It is strongly exact if f can be chosen so that

f(p1) = f(p2) whenever u(p1) = ¢(p2)-

Ordinary exactness is the condition needed for the exact coefficient version of the polygon
construction; strong exactness is an additional condition, not part of the definition of an exact
immersed curve, but is another way to exclude fishtails.

For exact curves one can count polygons over Z, omitting their area weights. The reason is
that Stokes’ theorem determines the area from the corners and the chosen primitives. We spell
this out below.

3.3 Marked points, spin structures, and local systems

Each circle component is equipped with a marked point, away from all intersections in a
transverse tuple. To make the sign convention explicit, use the nonbounding spin structure as
a reference. Put a label o € {0,1} at the marked point:

o = 0: nonbounding spin structure, o = 1: bounding spin structure.

Each passage through a marked point contributes (—1)?. Thus taking o = 1 on every circle
gives the marked-point convention used by Abouzaid. Taking ¢ = 0 gives a convenient
alternative when local systems are included. On a line there is a unique spin structure up to
isomorphism and no spin marked point is needed.

We may also equip 7 with a rank-one local system FE. In the exact integral version its circle
holonomy lies in Z* = {£1}. In the Novikov version we take holonomy in

A = {u € AS :val(u) = 0}.

4
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Explicitly these units have leading term +1 or —1 and all other terms of positive valuation.
These are the unitary local systems we use in the Novikov version.

The morphism module is now

CF*((a, Ea), (B, Eg)) = @ Homg ((Ea)z, (Es)a),

r€aNf

with the summand at x placed in degree |z|; here K denotes the chosen coefficient ring, either
Z or Ay.

One can trivialize a circle local system away from its marked point. Crossing the cut in the
positive direction contributes its holonomy h; crossing in the negative direction contributes
h~!. Spin signs count crossings modulo 2, whereas holonomy records the direction as well.
Changing the spin structure has the same effect on polygon weights as tensoring the local
system with the sign local system of holonomy —1.

4 The polygon operations

A finite ordered tuple (Lo, ..., Lg) is transverse if its curves are pairwise transverse with finitely
many intersections, there are no triple branch intersections, and none of these intersections
lies at a marked point. Intersections between distinct curves also avoid their self-intersection
points. All subsequences of a transverse tuple are transverse.

4.1 The polygons being counted
Choose input intersections z; € L;_1 N L; for 1 <14 < d and an output zg € Lo N Ly. Let
M({L‘();{L‘d, e ,xl)

be the set of orientation-preserving immersed disks with d + 1 convex corners, modulo
orientation-preserving reparametrization. Their boundary arcs follow, in counterclockwise
order,

Lo L1 Lg
o —> L1 —> Ty —> - —> Tqg — Q.
Every boundary arc has a specified continuous lift to the normalization of the corresponding
curve. In particular, it cannot switch branches at a self-intersection along the interior of an

edge. The image of a polygon need not be embedded. Convexity means that its interior angle
at each corner lies strictly between 0 and .

T2

L2 Ll ,u2(x2,x1)

xo Lo x1

Tracing tangent lines around the boundary, using (1) at the corners, gives
|[wo| = ||+ -+ + [wa] +2 — d. (3)

This is the degree formula behind the A, operations.
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4.2 Signs

Let 0;(u) € {0,1} be 0 if the boundary direction on the L; edge agrees with the grading-induced
orientation of L;, and 1 if it disagrees. Let m;(u) count passages through the marked point on
that edge, with multiplicity. If the edge is on a line, put n;(u) = 0. The sign exponent is

d d
s(u) =Y omi(u) + > |i]di(u) + |zo|da(v) (mod 2). (4)
=0 =1

Here o; is the spin label on the component traversed by the edge. Thus every odd input tests
the orientation of the edge on its target curve, and the odd output tests the Ly edge. The
output contribution must be included. If all marked points are active, this is Abouzaid’s
polygon sign rule.

For a bigon, |zg| = |z1| + 1, so the corner part of the sign is simply d;(u). In words: the bigon
contributes a minus sign when its L1 edge runs against the orientation of Li, together with
the marked-point signs.

4.3 Local-system weights and the operations

Let a; € Hom((E;_1)as,, (Ei)z,) be the input at x;, and let 7; be parallel transport along the
L; edge in the boundary direction. The local-system contribution of u is the map

Hy(ag,...,a1) =T40a4074—10a4-10--07110a1 07 € Hom((Ep)zys (Fd)ag)-

Set
pag, ... a1) = Z Z (—1)5(")Tf“*“’ Hy(ag,...,a1). (5)

o uweM(zo;Td;...,T1)
With trivial local systems, H,, is just the scalar product of the inputs, in the output summand.
In the exact integral version omit T' Juwo, Equation (3) says that

pd: CF*(Lg_1,Lq) ® --- @ CF*(Lg, L1) — CF*(Lg, Lg) has degree 2 — d.
In particular, u' counts bigons and is the Floer differential; u? counts triangles and is
the product; u? counts quadrilaterals and supplies the homotopy for associativity. In this
unobstructed construction p® = 0.

4.4 Finiteness and area weights

For a fixed finite transverse tuple, the polygon sums have only finitely many terms of bounded
area. One way to see the relevant compactness on a surface is to keep track of the lifted boundary
arcs. On an R component, an immersed boundary arc is monotone in its normalization and
lies between its prescribed endpoints. On a circle component its image stays in the compact
image of that circle. Thus all boundaries lie in a fixed compact finite graph K C .

The multiplicity of an immersed disk is nonnegative and locally constant on ¥\ K. It vanishes
on non-relatively-compact complementary regions, so all such disks lie in a common compact
subset. Each region that occurs has positive area; an area bound bounds its multiplicity. There
are finitely many regions, and only finitely many ways of assembling the resulting finite sheets
into a disk with the prescribed corners. This gives the required finiteness and makes (5) a
Novikov-convergent sum. The valuation-zero condition on local-system holonomy preserves
this convergence.
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For exact curves with primitives f;, put

Ax;) = filwi) — fim1(@i),  A(o) = fa(zo) — fo(wo),
where each value is taken on the specified branch. Stokes’ theorem gives

d

/ w'w = Alzo) — 3 A(zi). (6)

i=1

Hence for fixed corners all polygons have the same area, and the sum is finite. This justifies
counting over Z. After extending scalars to Az, the change of basis Z = T4®)z removes the
area weights from the weighted operations as well.

5 The A, equations

For homogeneous inputs a; € CF*(L;_1, L;), the equations are

d d—s

Z Z(—l)zi:1(|“i|_1)ud_s+1 (Ady - -y Qrgst1, 12 (Argsy - ooy Qrgl), Ay . ya1) = 0. (7)
s=1r=0

All the curves occurring in this equation belong to a single transverse tuple, so every term is
defined.

For d = 1, this says (u')? = 0, and we define
HF*(Lg, L) = H*(CF*(Lo, L), i").
For d = 2, it says

pli? (b, a) + @2 (b, ' (a) + (=) P (' (0), a) = 0.

Thus the product descends to cohomology. With these conventions the ordinary cohomological
composition is

(8] © [a] = (=1)"“/[* (b, a)].
The d = 3 equation makes this composition associative; on cochains the failure of associativity
is accounted for by 3 and the terms in which p! hits an input.

The geometric proof is the same at every order. A term in (7) is a pair of convex polygons glued
along an intermediate corner. The relevant one-dimensional configurations are represented
combinatorially by disks with a nonconvex corner; their two resolutions give the paired terms.
Areas add under gluing, and parallel transport composes, so the two terms have the same
area and local-system weight. The sign rule (4), together with the displayed A sign, gives
opposite signs to the two decompositions. They therefore cancel. The excluded contractible
circles and fishtails rule out the unwanted disk degenerations. This is the surface version of
the boundary-of-a-one-dimensional-moduli-space argument.

Exercise 1 (d?> = 0). Let d = pu'. Prove in detail that d? = 0, including pictures of the
possible configurations of two composable bigons and their paired decompositions. Explain
how the contributions cancel and where the unobstructedness assumptions are used. You may
ignore signs by working in characteristic 2, and you may take all local systems to be trivial.

For all exercises: You are always welcome to consult the literature, but the write-up must be
your own.
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6 Why a pre-A, category?

The operations above are defined only for transverse tuples. In particular, (L, L) is not a
transverse pair, so this definition does not give a complex CF*(L,L) or a literal identity
morphism. This is why we first obtain a pre-A., category.

More explicitly, its data consist of objects, collections of transverse tuples closed under taking
subsequences, morphism complexes for transverse pairs, and the operations u? for transverse
(d 4+ 1)-tuples, satisfying (7). The objects here are the unobstructed graded curves with the
spin and local-system data described above.

6.1 Quasi-isomorphisms and the extension property

In the compact-curve case, the construction has the additional unital extension property of
Abouzaid’s pre-category. A closed degree-zero morphism e € CF°(L, L') is a quasi-isomorphism
if composing with its cohomology class induces isomorphisms on all Floer cohomology groups
for which the relevant triples are transverse. These maps are

HF*(I',B) — HF*(L,B), = HF*(B,L) — HF*(B,L)).

Equivalently, the appropriately signed left and right composition maps are quasi-isomorphisms
of complexes.

Given an object L and finitely many transverse tuples S, one can find perturbations L=, L™
and degree-zero quasi-isomorphisms

L —L—L"

such that every tuple (L™, S,, L") is transverse. The perturbations are small Hamiltonian
perturbations, with the brane data transported along them. Locally the intersections near
the diagonal are described by a Morse function on the normalization, and the identity section
in H O(INL; End E) supplies the continuation element. The small-triangle calculation below,
together with Hamiltonian invariance, shows that composition with this element induces
the continuation isomorphisms. This is the replacement for literal units in the pre-category
formalism.

It allows us to replace curves by transverse representatives whenever needed. One can then
pass to an ordinary cohomologically unital A, model, form twisted complexes, and split
idempotents. This is the meaning of D™ Fuk(X) in this setting.

The small-triangle calculation. Here is the calculation just invoked. First consider an
embedded circle L. In coordinates (s,r) with w = ds A dr, take

L ={r=0}, L'={r=—¢f'(s)}, 0<ex 1,

where s is periodic and f is Morse. This is a Hamiltonian perturbation. The minima p; of f
have degree zero in CF(L, L'), and its maxima ¢; have degree one, by (2). Arrange that all
minima have value 0 and all maxima have value 1. Each thin bigon from an adjacent minimum
to a maximum has area €. Transporting the brane data from L to L', set

e = ZidEpipi‘

1

At each maximum the two incident bigons have opposite signs and the same parallel-transport
map, so their contributions to u!(e) cancel. Thus e is closed and represents the identity section.
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With arbitrary critical values the corresponding formula is e =, TefPiid By, it both terms
at ¢; then have weight 7</(%)_ In the exact integral version all these area weights are omitted.

Now let B be transverse to L. A local model for one of the triangles is
L ={r =0}, L' ={r = —es}, B = {s = b}, b>0.

Its vertices are p = (0,0), y = (b, —eb) € L'N B, and 3 = (b,0) € LN B. The counterclockwise
boundary runs v — p — vy — ¢/, on L, L', B respectively.

There is one immersed triangle with this image, up to reparametrization, and its area is eb?/2.
Put the spin marked points outside the picture and use transported local-system frames. Since
Ip| = 0 and |y| = |¢/|, the two sign terms on the B edge cancel modulo 2. Its contribution is
therefore

2
Hz(yvp)|Ay — Teb /22/.

Over Z in the exact convention the coefficient is simply +1. This is the meaning of the
small-triangle calculation: composition with the local degree-zero element identifies nearby
intersections.

For a fixed finite family of test curves, choose the oscillations of f and the size of the
perturbation so that these triangles occur at every test intersection. The resulting composition
maps are diagonal chain isomorphisms, with invertible signed area weights; this is the adapted
perturbation argument of [1, Lemma 4.4 and Corollary 4.6]. For an immersed curve the
construction is made on its lifted branches, with the boundary lifts retained. For general
Hamiltonian perturbations, subdivision and the polygon homotopies identify the products
with continuation on cohomology. In our sign conventions the two maps are

Yy — /ﬂ(ya 6), T (_1)‘x|ﬂ2(ea iL‘)

Quadrilaterals provide the homotopies for composing successive steps. Thus the reference to
small polygons also includes these compatibility homotopies; it does not assert that every
polygon for arbitrary perturbations is small.

6.2 The noncompact curves and the next step

For proper noncompact curves with finite intersections, the literal polygon construction and
its Ao relations above still make sense. However, properness alone does not specify the
behavior of perturbations at infinity, and we do not assert the unital extension property for
the unrestricted collection of all such curves. To obtain a unital category including them, we
choose the appropriate conditions at infinity and the corresponding perturbation or wrapping
convention.

For the next part of the lecture we will take ¥ = TS, use its exact symplectic structure, and
allow exact curves conical at infinity. Wrapping provides the additional morphisms at the
ends. The local picture of bigons, polygons, gradings, and signs developed here will remain
the basis for the calculation of W(T*S') and its HMS interpretation. The compact two-torus
example instead retains the Novikov area weights.
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7 The wrapped category of 7*51

7.1 The exact cylinder and its objects

Write
T*Slz]Rpx (R/Z),, 0 = pdg, w=4d0 =dpAdg.

Thus we use the standard tautological exact structure. Its Liouville vector field is Z = pd),, and
its two ends are p — +o00 and p — —oo. We choose the standard oriented line field n = R0,
oriented by 0.

This is a model for the symplectic geometry of C*. More explicitly, under z = eP+2™ the
tautological form becomes

g loglz|

1
darg z, w= —dlog|z| Ndargz.
27

27
This is the complete exact cylindrical structure on C*, with its unit circle as the zero section.
It is a representative of the usual finite-type Stein geometry of the affine variety C*.

The objects of W(T*S!) are exact graded curves, compact or conical at infinity, with the
spin and local-system data used above. We continue to allow unobstructed immersions: each
component lifts to an embedded line in the universal cover. Conical means that, outside a
compact set, the curve is a finite union of rays

{¢=4qj, p> R} or {qg=gqj, p<—R}.

The primitive of t*0 is constant on each such ray; these constants need not all agree. We
work over Z, with rank-one local systems as before. Two basic objects are the zero section
S = {p =0} and a cotangent fiber F' = {q = 0}.

The wrapped Fukaya category is a Z-graded Ao, category. Here we describe only the cohomology
of its morphism complexes and their cohomological composition:

H* Homyy(Lo, L1) = HW* (Lo, L1).

The integer grading and exactness are important: no Novikov completion is needed in this
section.

7.2 Positive wrapping and ordinary direct limits

Choose a smooth even convex function h : R — R with h'(p) =1 for p > 1, h/(p) = —1 for
p < —1,and h'(p) >0 for —1 < p < 1. Put H = h(p). With the convention tx,w = —dH, its
flow is

?“(p,q) = (p,q +wh'(p)),  w>0.

Thus positive wrapping increases ¢ at the positive end and decreases g at the negative end.
Write LY = ¢ (L), with its transported brane data.

For a generic value of w, the ends of L{ and L; are disjoint. After a small perturbation in a
compact set, they form a transverse pair with finitely many intersections. Hence the preceding
surface construction already defines

Vw(Lo,Ll) = HF*( BU, Ll)

We choose each finite collection of wrapping times generically, so that every pair of ends used
below is disjoint; arbitrarily small changes of the times are allowed when necessary. We then

10
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make the finite tuples transverse by small compactly supported perturbations before using
their polygon operations.

For w < w', positive wrapping gives a degree-zero continuation class
/
Cwrw € HFO(LY | LY).

For a sufficiently small positive step, this is the local unit class near the diagonal: in the Morse
picture it is the class of the identity section in H°(Lg; End Ey). Longer steps are obtained by
subdividing the isotopy and composing these classes. The transition map is

Ry w + Vw(Lo, Ll) — Vw/(LQ, Ll), T =T O Cy pp- (8)
In our sign conventions this is [1%(2, ¢y )] The continuation classes satisfy
Cw"” w = Cuw w © Cw! w' R w = Bw! w'Bw! w
on cohomology. They are not asserted to be quasi-isomorphisms before passing to the wrapped
category.
We define, in this particular cylinder setting,

HW*(Lg, 1) := lim HF*(LY, Ly). (9)

w—+400

This is an ordinary direct limit of graded abelian groups, using (8). One may take any cofinal
increasing sequence of generic wrapping times. An element is represented at a finite stage, and
two representatives agree if their images agree at a sufficiently large common stage.

This is the Lagrangian version of the direct-limit viewpoint in Seidel’s A biased view of
symplectic cohomology [3, §3e]. Seidel formulates that viewpoint for symplectic cohomology.
For the continuation-class formulation used here, see also [5, §§3.3-3.4].

7.3 The cohomological product

Suppose that
xe HF*(LE, Ly), y€ HF*(L}, Ly).

Apply ¢° to a representative of . This identifies it with
(¢")wx € HF* (LG, LY).

Now use the triangle product of the transverse triple (L&™?, LY, Ly). The wrapped composition
is represented by
yox = (=) [y, (¢").x)] € HF* (LG, Ly). (10)

If necessary, move to slightly larger generic stages before applying this formula. Naturality of
continuation and the A, relations show that the result is independent of the representatives
and is associative on cohomology. The small positive continuation classes give the identity
morphisms in the limit.

Thus all the maps needed for this cohomological description are already present in the surface
pre-Aso category: bigon differentials, triangle products, composition with continuation elements,
and the polygon homotopies expressing their compatibility. We do not construct the chain-level
wrapped A structure by taking an ordinary limit of complexes. Our use of ordinary limits is
only the cohomological definition (9) and the product (10).

11
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7.4 Classification of the geometric objects

We first state precisely the geometric equivalence relation. An exact isotopy of immersed
curves here means a regular isotopy through exact immersions with embedded universal-cover
lifts; isolated self-tangencies or triple points are allowed during the isotopy. For noncompact
curves we hold the end rays fixed, but do not fix the constants of a primitive on those rays.

Temporarily orient each connected component. Its classification is:

Compact component A nonzero winding number n € Z.

Line joining opposite The two ordered end rays and a relative winding number
ends ke Z.

Line returning to the The two ordered end rays and a relative winding number
same end ke Z.

To define k, choose real lifts of the angular coordinates of the two end rays. Lift the curve
starting at the chosen first lift. Its other end has angular coordinate equal to the chosen
second lift plus k. Changing the reference lifts translates the integer label. For two ends on
the same side, the two end rays must be distinct, as required by the transverse-self-intersection
condition.

For the compact case, lift a winding-n curve to the cyclic |n|-fold cover of the cylinder. It is
an embedded essential circle there. Its action is zero by exactness, so the elementary area
classification of essential circles gives an exact isotopy to a small generic perturbation of the
zero section in that cover. Projecting back gives a generic immersed representative of the
n-fold zero section. For example, for n > 0 one can use

1
t — (gg(t),nt mod Z), teR/Z, / g(t)dt =0,
0

with g generic. Its action is ne fol g(t)dt = 0.

For a line component, the lift is an embedded proper arc in the universal strip with the
prescribed lifted ends. Such arcs are isotopic relative to their ends. Projecting gives the
claimed regular isotopy, and every intermediate immersion is exact because H'(R;R) = 0.
This also explains why returning arcs must be included. Finite unions are described component
by component. In particular, the compact immersed objects include all nonzero winding
numbers; embedded compact curves have only |n| = 1.

To recover the branes, add the grading, spin structure, and local system. For a fixed induced
orientation, compatible gradings differ by even integers. Equivalently, choose an unoriented
reference representative and allow arbitrary integer shifts; an odd shift reverses its induced
orientation. A rank-one integral local system on a circle has holonomy +1, and on a line it is
trivializable.

This classification uses the stated exact isotopy of immersions. Ambient Hamiltonian isotopy is
finer, since it preserves self-intersection data. If primitive constants are also fixed at infinity, the
difference of their values, or equivalently [, ¢*6, is an additional invariant for a line component.
Quasi-isomorphism in the wrapped category is a separate equivalence relation; it is not being
classified here.

12
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7.5 The endomorphism algebra of a cotangent fiber

Take F' = {¢ = 0} with tangent angle zero relative to = RJ, and with its unique spin
structure and trivial rank-one local system. For w > 0 not an integer,

v = {q = wh'(p) mod Z}.
Its intersections with F' are labeled by integers m with |m| < w:

2 W(pa) = mfw.

m

In the oriented coordinates (p, q) the tangent of F is (1, wh”(p)), while the tangent of F is
(1,0). The grading formula (2) therefore puts every z¥ in degree zero. Consequently

HF*(F“,F)= P Zal,  HF/(F",F)=0 (j#0). (11)
[m|<w
There are no bigons between distinct generators, as is also clear by lifting to the universal
cover.

For example, take the cofinal sequence wy = Na, where 0 < a < 1 is irrational. Here is
the continuation calculation explicitly. Write w’ = w + «. The pair (F w' ") has just one
intersection: its label is 0, since ah/(p) can be an integer only when h'(p) = 0. It gives the
degree-zero continuation class ¢,y 4.

For |m| < w, put s = h/(p) and use the three lifts
F: qg=0, FY: g=ws—m, FY: g=uw's—m.
The relevant lifted corners are
c¢=(0,—m), zp = (m/w,0), 2 = (m/uw',0).

For m # 0 these bound one positively oriented triangle, with boundary order x}, oo Ty —

. Since h” > 0 in this region, the change from p to s preserves orientation. All degrees
are zero, there are no spin marked points, and we are using exact integral coefficients. The
triangle therefore has coefficient +1. The chosen lifts force the output label to remain m; there
are no other outputs.

When m = 0, remove the coincident corners by a small generic perturbation. For example,
replace the F™' lift by ¢ = w's — m + 8, where 0 < § < . The three corners then have
s-coordinates —d/a, 0, and —§/w’ when m = 0, and again bound a single positive triangle.
Thus, for every old generator,

!
u2($%,cw/7w) =y, Im| < w.

This is the small-triangle argument in this particular wrapped model. Consequently

HWO(F,F) = P Zap, HWI/(F,F)=0 (j#0).
MmEZ

This is a direct sum: its elements are finite linear combinations.

The product is just as explicit. For inputs with labels m and n at times a and b, respectively,
work upstairs and put s = h/(p). The three relevant lifted curves are

q=0, q="bs—n, qg=(a+b)s—(m+n).

13
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Their input vertices have s-coordinates m/a and n/b, and the output vertex has

_m+n a m b n

atb atba Tatbd

These lines bound the unique contributing triangle. All corner degrees are zero and there
are no spin marked points, so its sign is +1. Small generic perturbations handle coincident
vertices, including the unit calculation. Therefore

Ty O Ty = Tyntn, 1 = xg,
and, on setting z = x1, we obtain the cohomological algebra
HW*(F,F) 2 Z[z,2"Y, |z| = 0. (12)
Finally, the endomorphism A, algebra is formal:
Homyy(F, F) ~ Z[z, 2]

as an A, algebra, with the usual multiplication on the right and all other operations zero.
Indeed, its cohomology is free over Z, so we can transfer the A, structure to a minimal model
on cohomology. Since the cohomology is concentrated in degree zero and u? has degree 2 — d,
every operation except u? vanishes for degree reasons. The product is the Laurent-polynomial
multiplication computed above.

For more details and pictures of this computation, see Auroux’s A beginner’s introduction to
Fukaya categories [4, §§4.1-4.2, especially Figure 12 and equation (4.4)].

8 Mirrors in dimension one

8.1 The cylinder and marked points
The first mirror pair is
X=C* ¢+ Gypz:=SpecZz,z7}].

We have already encountered the coordinate ring on the right as the endomorphism algebra of
a cotangent fiber.

Adding a marked point gives the relative version of the picture:

(X,D)=(C*"{1}) <«+— SpecM — SpecZ[Q)].

(zy — Q)
The parameter @) records intersections of polygons with the marked point. The fiber at Q =0
is the union of the two coordinate axes; when () is invertible the fiber is a multiplicative group.

For D = {p1,...,pn} C C*, give each point its own parameter Q);, and put B = Z[Q1, ..., Q).
Glue the charts

Bz, yi
(ziys — Qi)

by identifying the open set y; # 0 in U; with ;41 # 0 in U;y1, using

U; = Spec 1<i<n,

Tip1y; = L.

14
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Thus the overlap is

Blyi, zit1]

(yiwip1 — 1)

The remaining coordinates on it are x; = Q;x;+1 and y;+1 = Q;+1y;. The gluing diagram is

V; = Spec

Uh— Vi —Us+— Vo — - —V,_1 — U,

After setting all @; = 0 and base changing to C, the central fiber is a chain with n nodes. It
has n — 1 copies of IP)}C and two affine-line end components.

8.2 From the infinite chain to the Tate curve

We can instead take charts indexed by ¢ € Z, put Q; = ¢, and glue in the same way. The
central fiber is then an infinite chain of projective lines, with a translation action of Z.

To form the desired quotient, first complete along ¢ = 0. The translation quotient of this
formal scheme is a proper formal curve over SpfZ[[¢q]]. An ample line bundle allows us to
algebraize it by Grothendieck existence. The result is the Tate curve

T1 —> SpecZ|[[q]].

Its central fiber is a nodal rational curve, and it is a smooth elliptic curve after inverting q.
The formal completion before taking the quotient is essential in this construction. See [8, §2]
for the periodic gluing construction and its algebraization.

Proposition 8.1 (Tate uniformization). Let K be a complete nonarchimedean valued field. An
elliptic curve E /K with split multiplicative reduction is obtained from Ty by a unique parameter
T € K with 0 < |7| < 1, through the map

2l — K, g
Analytically, it has the uniformization
Ean = G%I;K/TZ.

In particular, the familiar notation K* /7% describes its K-points. See Tate [9] and [10, §19].

8.3 The symplectic two-torus

Let Tfl be the symplectic two-torus of total area [;»w = A > 0. Its mirror is
Eps:=T1 X Spec Z[[q]] Spec AQ, q— TA.

Thus
T3 <+— Ej.

The corresponding relative pictures are

(TQ,{p}) — 7-17 (T2,{p1,...,pn}) A ﬁl/Z[[er"aQnH?

where again each marked point has a separate weight. Here 7, is the n-Tate curve.

Optional exercise (the n-Tate curve). Describe 7, using the infinite chain with periodic
parameters Qi+, = @; and the translation by n charts. Identify its central fiber and the Tate
parameter of its smooth fibers. You may use the literature, for example [8, §2], but write the
explanation in your own words.
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9 Homological mirror symmetry

For the sake of time, we omit the versions enhanced by large volume limit data (see Lekili—Perutz
[7, Theorem A and §1.1]; the version with several marked points is due to Lekili—Polishchuk
[8]). The two statements are

D™W(C*) ~ D° Coh(G,, z), (13)
D™ Fuk(T3) ~ D” Coh(E,). (14)

The first equivalence is over Z; the second is over Ag. As in the overview, these statements
have A, or dg enhancements.

9.1 Restricted Yoneda and the cotangent fiber

Here is the way to understand (13). Let R C T*S! be a cotangent fiber, and set

A = Homyyc+)(R, R).
There is a restricted Yoneda functor

Yr : W(C*) — Mody__(A), L — Homyy(c+) (R, L).

We use right modules: their structure maps come from precomposition with endomorphisms
of R, including the higher compositions.
The nontrivial input is that R split-generates W(C*). Equivalently, Vg is cohomologically
fully faithful and takes values in perfect modules:

W(C*) — Perf4__(A).

Here a perfect module is a direct summand, up to quasi-isomorphism, of a finite twisted
complex of free modules. The cotangent-fiber generation theorem is due to Abouzaid [6,
Theorem 1.1]. For the immersed surface model used here, the generation argument uses
boundary lifts to the normalizations; the no-fishtail condition excludes the additional disk
bubbling.

9.2 Passing to perfect modules

Write Perf4__(C) for the category obtained from the Yoneda image of an A, category C by
taking finite twisted complexes and splitting idempotents. Its homotopy category is D™C.

The restricted Yoneda functor extends to a cohomologically fully faithful functor
Perf 4 (W(C*)) — Perfa_(A).

Its image contains the free rank-one module Yr(R) = A. Since this module split-generates the
target, the extended functor is a quasi-equivalence. The fiber calculation and formality from
the preceding section now give

Perf 4 (W(C*)) ~ Perfy__(A)
~ Perfs__(Z[z,z71])
~ Perf(G,, 7).
Finally, Z[z, z~!] is a regular Noetherian ring of finite global dimension. Thus every bounded
complex of coherent sheaves on G, 7 is perfect. Passing to homotopy categories gives (13).

In this construction the reference fiber R goes to the free module, and hence to the structure
sheaf Og,, ,. This is the sense in which our reference Lagrangian is mirror to the structure
sheaf by construction.
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Exercise 2 (images of geometric objects). What are the images of the objects of W(C*)
under (13)? Use the geometric objects described in Section 7.4, including compact and
noncompact curves, and keep track of their gradings and local systems. As always, you may
consult the literature, but the writeup must be your own.

Exercise 3 (triangles and a theta series). Compute the following Floer triangle product,
including pictures. Let

(T%,w) = (R*/Z*, AdpAdgq), F={p=0}, R={q=0}, L={p+g=a (modZ)},
where A > 0 and 0 < a < 1. Write
x € CF(F,R), ye CF(R,L), z€ CF(F,L)

for the unique intersection generators. Relative to the horizontal line field, take lifted tangent
angles 1/2,0,—1/4 (in units of ) for F, R, L, respectively, so that all three generators have
degree zero.

(i) Draw the circles and their lifts. Show that the triangles contributing to u?(y, ) are
indexed by n € Z, with lifted vertices

(0,0), (n+ a,0), (0,n + a).

Explain why both signs of n + a contribute, even when a triangle overlaps itself after
projection to the torus. Compute the areas.

(ii) Take trivial local systems and the nonbounding spin structure on each circle, denoting
this configuration by sg. Check the signs and obtain

P (y,x) = Oy (a)z,  Ogla) = 3 T2+,
nez
Explain Novikov convergence. You may first do the unsigned count.

(iii) Change only the spin structure on F'. Use the marked-point rule to obtain, up to one
overall sign,

Ou(a) = 3 (~1)rTE (),

nez
Explain why keeping sg and using holonomy —1 on F' has the same effect.
(iv) Prove that ©g4, (1/2) = 0, and identify the cancelling pairs of triangles in your pictures.
You may consult the literature, but the write-up and pictures must be your own.

In the next lectures, we will outline how to understand the compact HMS statement (14) in a
similar way, using Fukaya categories with support.
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